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Exercise 1

Consider the vector field
v = 0121 + d2x3 + d322

Evaluate both sides of Eq. A.5-1 over the region bounded by the planes 1 =0, x1 = 1; 25 = 0,
1‘2:2; 1'3:0, 1'3:4.

Solution

Eq. A.5-1 states the divergence theorem,

///‘/(V-v)dV:#g(ﬁ-v)dS,

where V is a closed region in space enclosed by a surface S and 10 is the unit vector normal to this
surface directed outwardly.

The Left-hand Side

To evaluate the left-hand side, determine the divergence of v.

0 0
V 'V = 871‘1(%1) + 871‘2($3) + 7($2) =1

The left-hand side simplifies to the volume of the region in question.

///V(v.v)dvz///vdvz/jf/ol dmljmgdzng 4
=) o) () ) (] )

=(1-0)(2-0)(4-0)
=38

The Right-hand Side

The volume is a rectangular box with six faces, so the closed surface integral splits up into six
double integrals—one for each face.

ﬁé(ﬁ-v)dé‘://Sl(ﬁ-v)dSJr//Sz(ﬁ-v)dSnL//SS(ﬁ-v)dS
+//94(ﬁ-v)d5—|—//SS(ﬁ-v)dS—i—//SG(ﬁ-v)dS

www.stemjock.com



BSL Transport Phenomena 2e Revised: Appendix A.5 - Exercise 1 Page 2 of 3

X3
4 15
N
S3| S 1 Sq
2
S m 2
1 5

*1
Figure 1: Schematic of the rectangular box and its six faces.

01 is the unit vector normal to the two faces at x1 = 0 and x1 = 1, d2 is the unit vector normal to
the two faces at 9 = 0 and x5 = 2, and 03 is the unit vector normal to the two faces at x3 =0
and x3 = 4. Since the outward normal vectors at 1 = 0, o = 0, and x3 = 0 point in the negative
direction, there’s a minus sign in front of these unit vectors.

# (fl . V) dS = // (—(51) . ((51$1 + doxg + (53$2) ds + / o1+ ((511‘1 + 093 + (ngg) ds
S S1 So
+ // (—52) . (51261 + 093 + 53:62) ds + / oo - (511‘1 + 093 + 53.1‘2) dsS
53 54

+ // (—53) - (6121 + O3 + d322) dS +/ 03 - (51.731 + dox3 + 53@) ds
55 SG

Evaluate the dot products.

#(ﬁ-v)dS:// (—xl)dS+// x1d5+// (—ws) dS
S S1 Sa S3
+// $3d5’+ﬂ (—xg)dS+// TodS
S4 Ss 56
At S1, 21 =0; at So, 1 = 1; at S3, 2 = 0; at Sy, 2 = 2; at S5, x3 = 0; and at Sg, r3 = 4.
4 2 4 2 4 p1
#(ﬁ-v)dS’z/ /(—O)dxgdxg—l—/ / 1dx2d:c3+/ /(—xg)darldacg
S 0 0 0 0 0 0
4 p1 2,1 2,1
+/ / 3 dry d$3+/ / (—x2) dxq d:v2+/ / To dx1 dxo
0 0 0 0 0 0

The first double integral is zero. Bringing the constants in front of the others, we find that four of
them cancel.

4 r2 4 rl 4 rl
#(ﬁ-v)dé‘:/ / dedxg—W—i—W
S 0 Jo 0 0
2 rl 2 rl
_M+W
0 JO 0 JO
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Therefore,

# v)dS = /042/02613;2@3
([ ) ([

(2-0)(4-0)
8.

We conclude that the divergence theorem is verified.
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