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Problem 4B.3

Creeping flow around a spherical bubble. When a liquid flows around a gas bubble,
circulation takes place within the bubble. This circulation lowers the interfacial shear stress, and,
to a first approximation, we may assume that it is entirely eliminated. Repeat the development of
Ex. 4.2-1 for such a gas bubble, assuming it is spherical.

(a) Show that B.C. 2 of Ex. 4.2-1 is replaced by

d [ 1df f
B.C. 2: = — | == 2— = 4B.3-1
C at r = R, o (r2 dr> + " 0 (4B.3-1)

and that the problem set-up is otherwise the same.

(b) Obtain the following velocity components:

S [1 - (fﬂ cos 0 (4B.3-2)
S [1 - % (f)] sin 0 (4B.3-3)

(c) Next obtain the pressure distribution by using the equation of motion:

Voo R\?
p=po— pgh — (“R ) (T> cos 6 (4B.3-4)

(d) Evaluate the total force of the fluid on the sphere to obtain
4 3
F, = gﬂ'R pg + 4T Rus (4B.3-5)
This result may be obtained by the method of §2.6 or by integrating the z-component of

—[n - 7] over the sphere surface (n being the outwardly directed unit vector normal to the
surface of the sphere).

Solution
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Part (a)

In order to model this gas bubble, consider a sphere that is stationary and immersed in a fluid
that is flowing upward from the bottom. Use a spherical coordinate system with its origin at the
sphere’s center, where r is the spherical coordinate, ¢ is the azimuthal angle, and 6 is the polar
angle.

Radius of sphere = R z A

At every point there are
pressure and friction
forces acting on the
sphere surface

Point in space
0 (x,y,z)or
” | -~
o (r, 8, )

I . .
- Projection
of point on

Xyplane Fig. 2.6-1 Sphere of radius R
around which a fluid is flow-
ing. The coordinates r, #, and ¢

Fluid approaches | are shown. For more informa-
from below with |- tion on spherical coordinates,
velocity v, see Fig. A.8-2.

Because the flow is assumed to be steady and symmetric about the z-axis, the fluid velocity is
independent of ¢ and t.

~

v = v,(r,0)F + vg(r,0)0
Provided that the fluid density p is constant, the equation of continuity simplifies to
V.v=0.

If the fluid viscosity u is also constant, then the equation of motion simplifies to the
Navier-Stokes equation.

P
53V TV pvv = =Vp 4 uV*iv + pg

Taking the curl of both sides of the Navier-Stokes equation eliminates the pressure and gravity
terms, resulting in the vorticity equation,

%w—i—v-Vw:quw—i-w-Vv,

where w = V x v is the vorticity and v = p/p is the fluid’s kinematic viscosity. For the particular
case here where the flow is independent of ¢ and ¢, the continuity equation and vorticity equation
may be combined by introducing a stream function ¢ = ¢ (r, #) that is defined by

S N N ci
T T 2sne s Y sing or
The equation that the stream function satisfies is given by
0, 9 1 oY 0, , oY 0, , 2E%) (O 10¢ . -
a O g arae T "0 T Y| T e \ar €0 ge S0 ) = vE

=0
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where the operator E? is defined as

02 cotf 0 1 02
Ep=(—— -2 4+ )y
v (aﬂ 2 80+r2892>¢

See part (c) of Problem 3D.2 for its derivation. With the creeping flow assumption, the nonlinear
terms on the left side vanish.
0=vEY)

Divide both sides by v and substitute the operator for E?.
E*% =0
(B*)(B*)¢ =0
0> coth 0 1 92 0>  coth 0 1 02
w2 200 e )\ a2 2 ap T e )V =0
or r2 00 1200 or r2 00 1?00
Associated with this PDE for ¢ are three boundary conditions. The first comes from the
assumption that the bubble is impermeable: None of the fluid flowing around it can enter and
none of the gas within it can leak out.
1 oy oY

v (R,0)=0 — =0 - ==

T R’sin6 00| _, 0| _, "

r=R

In Example 4.2-1 the second boundary condition came from the assumption that the fluid does
not slip on the bubble’s surface: vy(R,8) = 0. Here, however, the assumption will be that the
shear stress on the bubble acting in the -direction is zero. Use the formula for 7,4 in spherical
coordinates on page 844.

0 (Ug) 4 1 8’Ur
= rT— _— _
B ar \r r 00
The third comes from the fact that far away from the sphere in any direction, the velocity is
V = UnoZ. Use formula A.6-33 on page 828 to write this in terms of  and 6.

r=R

~

V = Uxo[(cos O)F + (—sin 6)0]

= Vs COSOT — Voo Sin 6 O

This implies that
lim v, (r,0) = veo cos 6

r—00
lim vg(r,6) = —veosind’
r—00
or in terms of the stream function,
1 0 0
im _279877:90 =VUscosf — lim 5% = — oo’ sinf cos 1
r—oo T4 sin r—00 = lim 1/}(7«’ 9) = —71;007“2 sin2 0.
1 31/1 . . 81/1 . 9 r—00 2
im —— —— = —vysinf —  lim —— = —vrsin“6
r—oo rsinf Jr r—oo Or
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Since the PDE for ¢ and all but one of its boundary conditions are linear and homogeneous, a
separable solution is sought: i (r,8) = f(r)©(f). In particular, based on the form of the stream
function in the third boundary condition, we hypothesize that the solution is of the form
Y(r,0) = f(r)sin? . Then the second boundary condition becomes

B 0 /[vg 1 0v,
O_M[Tar( )+rae]
O e 1o 1w

“HU 0 |7 \rsing or r 90 r2sinf 00 r—R

{

—1{rgr (g f 05 8) + 1 0 (< oy i) sin?e]) |
{
s

r=R

o 1 [df 10 1 .
"or [zne <dr sin 9)} +raa[ Zamg 2/ “mgcose]”

1 df 2f(r) d
9% <7"2 dr) 73 da(cos@)]

B . 1 df 2f(r) .
= [rsmﬂdr <7“2d7“>+ .3 sm@]

Therefore, dividing both sides by ursin @, the second boundary condition is

i (=) 5

and the first boundary condition is

r=R

r=R

r=R

= 07
r=R

a % r=R

d

@[f(r) sin? 0] .

= [2f(r)sinfcosb]|,_p

= 2f(R)sinf cosf — f(R)=0.

Part (b)
Now substitute the product solution v (r,8) = f(r)sin? 6 into the PDE to obtain an ODE for f.

0=E%
B iQ _ cot 0 8 1 92
—\or2 r2 90 7‘2 062

2> 2
cot® 0 18) 0

%)

%)

cot @ O 1 92
or2

O g+ g ) ) s

cotf 8 1 9%
2 90 7"2 002

00 1 92
- (aﬂ ot ) |l 0wt - T gl O 4 ) s 9@
:( cot § 8 1 o2 dj{ n26 — COte[Qf( ) sin @ cos 0] + 12f( )(2cos 6 — 2sin® 9)}

87‘2 2 90 7‘2 062
87"2

/Z/M+7M_7 2 sin? 9)]
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Continue simplifying the right side.

9% coth 0 1 92 d*f . 22 . 9
O—Qw‘fam+wmm)b2 H‘ﬂﬁmﬂ

;: [djf sin? 0 — %f(r) sin® 9]
B e
T [ SRR ;fm sin 0
d”‘i”Sl 2y CZZ [;f(r)] sin? ¢
C(:CQHZQ‘;(QsmHCOSG) 2O fr) 2sinf cos )
d>f

2
7ﬁ(200529 — 92sin? 0) — —f(r)(2c0526 — 92sin? 0)

2 d%f  8df 12
2
0- r2d7’2_7“73%+ )sm@

Wm W
M— 7ﬁ (2sin? ) — 4f T 829)+T34f(7”)(281f12 0)

<d4f 4 d*f 8 df 8)
=\ 57— —— — —f]sin®0

drt  r2dr2 " 3 dr 4
Divide both sides by sin? @ and then multiply both sides by .
LA e d*f df

— +8——-8f=0
Tt a2 T8 g 8
This is a homogeneous equidimensional ODE, so its solutions are of the form f = r".
d, d? d*
fer oo T Sy o -2

Substitute these formulas into the ODE and solve for n.
rinin —1)(n —2)(n —3)r"* —4r’n(n — 1)r" 2+ 8rnr™ L — & =0
nn—1)(n—-2)(n—3)r" —4n(n — 1)r" +8nr" — 8" =0
nn—1)(n-2)(n—3)—4n(n—1)+8n—-8=0
n* —6n®+7n® +6n-8=0
m+1)(n—1)(n—-2)(n—4)=0
n=1{-1,1,24}

Four solutions to the ODE are f =7 ! and f = r! and f = r? and f = r. By the principle of
superposition, the general solution is a linear combination of these four.

f(r) = Cir™' 4 Cor + Csr® + Cyr?
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The stream function is then
Ch 2 4\ 22
P(r,0) = [ — + Car + Csr* + Cyr® ) sin® 6.
r
From the third boundary condition,

1
lim ¢ (r,0) = —ivoor2 sin? @),

r—00

the stream function cannot be quartic in r (Cy = 0) and C5 = —vs/2. Apply the first two now to
determine C7 and Cs.

fFRY =0 — C];+C2R—”;’°RQ_0
1 df 2f(r) 6C
[dr (7“2 dr) + ] | NS - R?
Solving this system of equations yields
ol
Cl =0 and 02 = Y 9 .

Therefore, the stream function is

(v R Uso 2\ . 2
w(r,e)_< 5 " 27")311(1 6,

and the resulting velocity components are

1 0y
W(,0) =~
or(r,0) r2sin @ 00
1 ’UOOR Voo 9 .
— - o _ =~ 2
oy ( 5T )( sin 6 cos 6)
= (Uoo— UOOR) cosf
r
= Uso {1— <R)] cosf
r
1 oy
0) = —
v (r6) rsinf or
1 <UOOR >
= X7 eor | sin? 6
rsinf

sin 0

-(58)
e
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Part (c)
To get the pressure distribution, return to the Navier-Stokes equation.

0
atpv + V- pvv = —Vp+ uV?v + pg

From Appendix B.6 on page 848, the Navier-Stokes equation yields the following three scalar
equations in spherical coordinates.

(8% v, | vg duy vy Ouy v3 +U§>> B _@

P ot +vrﬁ+ r 00  rsinf 0¢ r or
0 0 0 0
= = = -0 =
4 iﬁ(Q )+;2 si 0% +;820T 4
rr 2sme oo\ a0 r2sin? § O¢p? P

N———
=0

o200 4, Ove vadUe | vy Ovg  rvo T vjcotdy  10p
ot ar r 00  rsinf 0¢ r r 00
0 0 0
= = = . =
1 0 [ 50v9 10 1 0
”[m( a) + 2aa<sme 89(”98”“0)>
Lo 1 0w +380T_ 2cot9% n
r2sin20 062 12 00  r2sinf 9¢ P
=0 =0
8U¢ vy Vg 8v¢ Vg 8% VpUr + VeV cot 0 - 1 Op
,0( ot O or r 00 +rsim@ ¢ + r ~ rsinf 0o
~—~ \/0—/ S~ —— 5
= = = . =
1 0 [ ,0v4 10 1 0
“‘[rzar(?” a) +r25)0<sm989(“¢5m9)>
=0 =0
N 1 82v¢+ 2 %+2cot9% n
r2sin20 042  r2sinf Op  r2sinf 0¢ PIe

Because the flow is steady and creeping, all the terms on the left side of each equation are zero.
Gravity points down in the negative z-direction g = —gz = —g(cos # & — sin 0 6), which means
gr = —gcost and gy = gsinf and g4 = 0.

_Op 1 02 1 0 v
0__87*+M[7“282( UT)+7’QSin9(%?< ae)]_pgcose

_ Lop 10 [ 50v9 19/ 1 0 o, '
0= ~90 TH [Tgar(r 0r>+r289<s1n989(098m9)> Qae}vﬂ)gsm@
_ L op

rsinfd 0¢
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Substitute the functions found for v,(r,#) and vg(r,#) and evaluate the derivatives.

0= Op N <2Rvoo cos 6

or H r3

]. o0 i 0 .
0= _Lop +u (RUT?D> + pgsind

) — pg cos B

r 00
___1 o
rsinf d¢

Solve for the pressure derivatives.

Op _ 2pRus cost

T S—— cos 6
Op  pRvssinf )
% = ?”72 + prygr sin 6
Ip

L _y

o

This third equation implies that the pressure is independent of ¢: p = p(r, 6). Integrate both sides
of the first equation partially with respect to r

o0 COS 0
p(r7 6) = _M — pgr cosf + F<9)
T
and then differentiate it with respect to 6.
Op _ pRvee sin + pgrsind + F'(0)

00 r2
Comparing this with the second equation above, we see that
F'(6) = 0.

Integrate both sides with respect to 6, setting the integration constant to pg, the pressure at the
z = 0 plane far away from the sphere.

F(0) = po
Therefore,
Rvs cos b

pr,0) = 50 cost 1 py

Uso R cos 0

=po — pgrcost — ———5——

r
R\ 2
=po — pgh — o <> cos 0,
R r

where h = r cos 6.
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Part (d)

The total force acting on the bubble is due to the pressure, the viscous shear stress, and the
viscous normal stress. It can be split into two components, the first acting normally and the
second acting tangentially.

F=F, + FH

The force per unit area acting normally is due to the pressure and viscous normal stress as shown
below.

[_p(Rs 9) + (_Trr) |r=R] r

>V

X

Integrate it over the surface area of the sphere to get the force. A factor of cos6 is needed in the
integrand to get the z-component of force specifically. Note that p has a minus sign in front of it
because the force resulting from it acts radially inward. Also, 7. has a minus sign in front of it
because the fluid is in a region of greater r acting on a surface of lesser r. No second minus sign is
needed in front of 7. because the velocity components that it’s in terms of already take care of it.

(F1). = /[—p(R, 0) + (—7r)|,_plT(cosf) - dA

Ov,
or

— (po — pgRcos — =22 cos 0) + 2u

-/
-/

} (cosd) - (FdA)

< cos B + MRoo cos 0) (t-F)cosfdA

3 Voo
—po + pgRcos 6 + HY cos 0) cos0dA

2
/ / ( —Po —i—pchosH—l— R cos@) cos § (R? sin 0 df do)

= (/ R? dgzb) < po/ 005951n9d9—|—pgR/ cos 981n9d9—|—3/g°o/ COSQGSin9d9>
0 0 0

=0 =2/3 =2/3
3 R

_ 4T R3pg

3 + A Russ
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The force per unit area acting tangentially is due only to the viscous shear stress as shown below.

z

X (_TFB) |r=R a

Integrate it over the surface area of the sphere to get the force. An extra factor of sin € is needed

in the integrand to get the z-component of force specifically. As with 7., a minus sign has been
placed in front of 7.9 because the fluid is in a region of greater r acting on a surface of lesser 7.

(F)s = [ (~r0)l,_ Blsin®) - A

P

/ e
/M[ voosm@ . (R—r)voosmﬁ]
e

O(sin6) - dA

O(sin6) - dA
r=R

r2

1(0)0(sin ) - dA

Therefore, the total force in the z-direction on the sphere is

4
= §7rR3pg + 4dmpvse R.

This first term is the buoyant force, and the second term is the kinetic force on the bubble due to
the upward flow. By assuming the shear stress is zero, we obtain a kinetic force which is
two-thirds that given by Stokes’s law, which results from the no-slip assumption.
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