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Problem 4D.4

Unsteady annular flows.

(a) Obtain a solution to the Navier-Stokes equation for the start-up of azial annular flow by a
sudden impressed pressure gradient. Check your result against the published solution.'?

(b) Solve the Navier-Stokes equation for the unsteady tangential flow in an annulus. The fluid is
at rest for t < 0. Starting at t = 0 the outer cylinder begins rotating with a constant angular
velocity to cause laminar flow for ¢ > 0. Compare your result with the published solution.!!

Solution
Part (a)

Since the flow is unsteady and occuring along the axis of an annular tube, we assume that the
velocity varies as a function of radius and time and that the fluid moves only in the z-direction.

v =v,(r,t)z

If we assume the fluid does not slip on the tube wall, then it has the wall’s velocity at the inner
radius (r = kR) and the outer radius (r = R).

Boundary Condition 1: v(R,t) =0

Boundary Condition 2: v.(kR,t) =0

The fluid starts from rest, so the initial velocity is zero.
Initial Condition: v,(r,0) =0

The equation of continuity results by considering a mass balance over a volume element that the
fluid is flowing through. If the fluid density p is constant, then the equation simplifies to

V.-v=0.

The equation of motion results by considering a momentum balance over a volume element that
the fluid is flowing through. Assuming that p and the fluid viscosity p are constant, it simplifies
to the Navier-Stokes equation.

0

EriAd +V-pvv = —Vp+ uViv + pg

As this is a vector equation, it actually represents three scalar equations—one for each variable in
the chosen coordinate system. Using cylindrical coordinates is the appropriate choice for this
problem, so the two previous equations will be used in (7,6, z). From Appendix B.4 on page 846,
the continuity equation becomes

1% ov,

1ﬁ( )+ =, t =0
rort T 00 T o, T
=0 =0 =0

YOW. Miiller, Zeits. fiir angew. Math. u. Mech., 16, 227-238 (1936).
1R. B. Bird and C. F. Curtiss, Chem. Engr. Sci, 11, 108-113 (1959).
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which doesn’t tell us anything. From Appendix B.6 on page 848, the Navier-Stokes equation
yields the following three scalar equations in cylindrical coordinates.

8@T+U 3UT+@OUT+U dvy 1173 __0p+ 0 lﬁ(m) +i82vr+6QUT_£0v9 4
P\ "ot “or  r 09 0z r ) "o HPlar \rart r2 902  0z2 1?2 90 &(ZL
= = = = = = 5 = =

%+ % vy Ovy % Vg ——}@-ﬁ- 0 12( 1) + 182v9+82v9+28vr N
P\t ™ " or .90, o T )T rae Mar\rar ) T 2002 T 922 290, L7,
N S S—— = SN—— N — ——— S—— = =0
=0 =0 _0 =0 =0 =0 -0 =0 =0 _0
%+ 8vz+viavz+ Ov, __@+ 10 ov, 182vz+82vz
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The relevant equation for the velocity is the z-equation, which has simplified considerably from
the assumption that v = v,2.

ov, (‘9p+,u0 Ov, 4
p@t_ 0z ror 6 Pgz

The sum of —9p/0z and pg, is the impressed pressure gradient and will be denoted as

—(ZL — Po)/(L - 0).

8UZ_<@0—<@L+,U8 ov,
p@t_ L r Or r@r

The aim now is to put the partial differential equation into dimensionless form. Multiply both
sides by 4L/(Zy — ZL).

Ov, 4L 10 ( ov, 4ul )

A S B e
Por 2e—, T rar \"or 2 — 2,

Introduce R? in the numerator and denominator on both sides.

Ov,, 4L R _0 [ Ov, 4pL ]

2
—_ 4 e
PR R "o (7= 2R

ot (Po— P1)R? or

Introduce p in the numerator and denominator on the left side, and introduce R in the numerator
and denominator on the right side.

pR? Ov, 4ul 0 [r ov, 4pl ]

“rz - R N e A s
Lot e T e R e e o
Here the dependent variable will be changed. Let

4uL

0= (Po— Pr)R2

The independent variables will also be changed to ones that are dimensionless.

5:% = dg:% = R(fr:aag
iy _ pdt pRES _ 8
~ pR2 - dT_pR2 = w ot ot
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Therefore, the governing differential equation for velocity with dimensionless variables is

P 10 d¢p
— =4+ -— &= ). 1
3= e (%) .
In terms of the new variables, the boundary and initial conditions become
¢(1,7)=0 (2)
P(k,7) =0 3)
¢(£,0) = 0. (4)

Due to the impressed pressure gradient, the fluid starts to move and eventually reaches a steady
state. As a result, we expect the solution to be of the form ¢(&,7) = doo(§) — P1(&, 7), where P
is the steady-state velocity profile that is reached after a long time has passed and ¢.(§, 7) is the
transient velocity profile that dies out as 7 increases. Substitute the expression for ¢ into
equation (1).

S 6(6) = 067 = 4+ g € 0(6) — (]

Distribute the operators on both sides.

0t 1d (o 10 (0
o =t e () o ()
If we set L d dé
() -0 v
then the previous equation reduces to
00 __10 (.00
o =eae (5¢) 0

Solve equation (5) for the steady-state velocity profile.
1d ( d%o) — 4
£dg \" d§

d dpoo\
e (€5 ) — e

Multiply both sides by &.

Integrate both sides with respect to &.

dpos .2
3 . 267+ Ch
Divide both sides by &.
dqboo C’1
2 e 2L
€ - ET

Integrate both sides with respect to & once more.

Poo(§) = _52 +Ci1Iné+ 0y
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The boundary conditions, ¢(1,7) = 0 and ¢(k,7) = 0, hold for all time, including the steady
state. Apply ¢oo(1) = 0 and ¢ (k) = 0 to determine Cy and Cs.

gboo(l) =-14+Cy=0

Poo(k) = —K° + CrInk + Cy = 0
Solving the system yields C; = —(1 — x2)/Inx and Cy = 1. Thus,
n

Ink’

Poo(§) =1-& — (1 - &%)

Now we will solve equation (6) for ¢;. Multiply both sides of it by —1.
9610 (00
or  £0¢

To find the initial and boundary conditions associated with it, substitute

D&, T) = Poo(§) — P1(§, T) into equations (2), (3), and (4).

d(1,7) = poo(1) — (1, 7) =0 — (1,7) =0 — oe(1,7) =0
¢(Hv T) = ¢oo("'€) - ¢t("’€77_) =0- th(’%?’r) =0 — (bt(’%?’r) =0
¢(‘£a0> = ¢oo(§) - (bt({?()) =0 - ¢t(£a0) - ¢OO(§)

The PDE for ¢; and its boundary conditions are linear and homogeneous, so the problem can be
solved with the method of separation of variables. Assume a product solution of the form
¢ = X(§)T(7) and plug it into the PDE

10
XT' =-— (¢X'T
£ ¢ EXT)
and the boundary conditions.
¢e(1,7) =0 - X(W)T(r) =0 — X(1)=0
¢r(k,7) =0 — X(r)T(1)=0 — X(k)=0

Now separate variables in the PDE: bring the functions of 7 to the left side and bring the
functions of £ to the right side.

The only way a function of 7 can be equal to a function of £ is if both are equal to a constant A.

T 1 d

— = — (£X') =\

T €£Xd¢ (5 )
Values of A\ for which the boundary conditions are satisfied are known as the eigenvalues, and the
nontrivial functions associated with them are known as the eigenfunctions.

Determination of Positive Eigenvalues: \ = 2

Assuming ) is positive, the differential equation for T' becomes

T~
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Multiply both sides by T'.
T = pu*T

The general solution is written in terms of the exponential function.
T(r) = Cye’

The possibility that there are positive eigenvalues can be dismissed here because T'(7) diverges as
T — OQ.

Determination of the Zero Eigenvalue: \ =0

Assuming A is zero, the differential equation for X becomes

1 d
exa ) =0
Multiply both sides by £X.
d
&£ (£x') =0
Integrate both sides with respect to &.
X' =0y
Divide both sides by &.
x =<
£

Integrate both sides with respect to & once more.
X()=Cylng+Cs
Apply the boundary conditions here to determine Cy and Cj.

X(1)=Cs=0
X(k)=Cylnk+C5=0

Since C5 = 0, the second equation gives Cy = 0, which results in the trivial solution. Zero is not
an eigenvalue.

Determination of Negative Eigenvalues: A\ = —v?

Assuming A is negative, the differential equation for X becomes
1 d
- w X/ — _ 2'
X e (EX') = —
Multiply both sides by ¢2X.
d
€ g (6X') = 7%
Expand the left side and bring 722X to the left.

£2X”+£X/+’72£2X:0
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This is the parametric form of Bessel’s equation of order zero. The general solution is written in
terms of zero-order Bessel functions of the first kind Jy(7€) and second kind Yj(7€).

X (&) = CeJo(7€) + C7Yo(7€)
Apply the boundary conditions here to determine Cg and Cr.

X(1) = CsJo(y) + CrYo(v) =0
X (k) = CsJo(vk) + C7Yo(vk) =0

Solve the first equation for C7

Jo(7)
Cr = —-C
TN0)
and plug the result into the second equation.
Jo(7)
CesJo(vk) — C Yo(vk) =0
sJo(7k) 5Yo() 0(vK)

To avoid getting the trivial solution, we insist that Cg # 0. Write the two terms on the left side as

one. Jo(vk)Yo(v) — Jo(7)Yo (k)
Yo(7)

Hence, 7 is defined implicitly by Jo(vx)Yo(y) — Jo(7)Yo(yk) = 0. Jy and Y] are oscillatory
functions, so there are infinitely many values of . If v, denotes the nth zero of the function, then

Cs =0

’Jo(vn/i)Yg('yn) — Jo(m)Yo(mk) =0, n=1,2....

The eigenfunctions associated with these eigenvalues for A\ are

X (&) = CsJo(v€) + C7Yo(7€)

= CgJo(7E) — 06;],2 g; Yo(7¢)
= S OOY) = H)VGE)

= CS[JU(’VQYO('Y) - JO('V)YO(V@} — ‘Xn(f) = JO('Yng)Yb(’Vn) - JO(’Yn)YO('YnE)a n=12....

Now the ODE for T will be solved.

T/

7=
Multiply both sides by T'.

T = —°T

The general solution is written in terms of the exponential function.
T(T) = Coe™''T = T, (1) = e, n=1,2,...

According to the principle of superposition, the general solution to the PDE for ¢, is a linear
combination of the eigenfunctions X,,(£)T,,(7) over all the eigenvalues.

$(E,7) =D Ane X, (6)
n=1
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Apply the initial condition here to determine A,,.

= Z Aan(f) = dco (é)
n=1

Substitute the steady-state velocity distribution found for ¢..

Ing

Ink

ZAan(g) =1-&&-(1-+%
n=1
Multiply both sides by X,,,(£)§, where m is an integer.
ZAX )5—[1—52 (1—r)—
Integrate both sides with respect to £ from x to 1.

/liAan( £)€ de = /[1—52 = )hﬂ X (€)€ dt
F n=1

Bring the constants in front of the integral on the left side.

g:lfln /: X (§) Xm(§)EdE = /m1 [1 - -(1- ”2)11255] Xon ()€ de

Because the X, () satisfy an ODE of the Sturm-Liouville form, they are guaranteed to be
orthogonal with respect to the weight £, meaning that the integral on the left side is zero for
n # m. As a result, every term in the infinite series vanishes except for one: n = m.

1 1
An / Xa(€)€ g = / [1—£Q—<1—m2>i§i] X (€)€ dg

Solve this equation for A,.
/1 - € — (1 - )| X, (e de
o ST

Ay =

1
/ Xn(€)€de
The dimensionless velocity is then
P& ) =1-6 (1~ Hz)ﬁ - iA e X (€)
’ Ink " s

Changing back to the original variables, the unsteady velocity distribution for ¢ > 0 in an annulus
due to a sudden impressed pressure gradient is therefore

(@) g () - S e (i) % ()

(Py — P1)R*

Uz(r7t) = 4ML
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¢  k=0.5

0.12 ¢
0.10 ¢
0.08 ¢
0.06 ¢
0.04 ¢

0.02 ¢
-

1.0 0.5 0.0 0.5 1.0 R

Figure 1: This figure shows the dimensionless velocity distribution ¢ versus & for k = 0.5 when
7=0, 7=0.006, 7 =0.0125, 7 = 0.02, 7 = 0.03, and 7 = 0.05 in red, orange, yellow, green, blue,
and purple, respectively. In black is the steady-state velocity distribution. The profiles are only
approximate, as only the first 20 terms in the infinite series have been used. The integrals in A,
and the values of v were calculated numerically. Notice that the maximum velocity occurs at a
smaller and smaller radius as time goes on.
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k=0.5

0.6 0.7 0.8 0.9 1.0 R

Figure 2: This figure shows the right side of Figure 1 zoomed in. The dashed line marks the center
of the annular slit.
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}?
0.20] _ _
y=Jo(0.5y) Yo(y) = Jo(y) ¥o(0.5y)
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5 10 15 /\20\/55 30
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Figure 3: This figure shows a graph of y = Jo(vk)Yo(vy) — Jo(7)Yo(vk) versus v for k = 0.5.
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Part (b)

Since the flow is unsteady, tangential, and independent of height, we assume that the velocity
varies as a function of radius and time and that the fluid moves only in the #-direction.

v = wy(r,t)0

If we assume the fluid does not slip on the walls, then it has the wall’s velocity at the inner and
outer radii, »r = KR and r = R, respectively. Let the angular velocity vector be denoted as
Q = Qz. The boundary conditions are then

Boundary Condition 1: vg(kR,t) =0
Boundary Condition 2: vg(R,t) = QR.

The fluid starts from rest, so the velocity is zero initially.
Initial Condition: vg(r,0) =0

The equation of continuity results by considering a mass balance over a volume element that the
fluid is flowing through. Assuming the fluid density p is constant, the equation simplifies to

V.-v=0.

The equation of motion results by considering a momentum balance over a volume element that
the fluid is flowing through. Assuming the fluid viscosity u is also constant, the equation
simplifies to the Navier-Stokes equation.

0

ETL +V - pvv = —Vp+ uV3iv + pg

As this is a vector equation, it actually represents three scalar equations—one for each variable in
the chosen coordinate system. Using cylindrical coordinates is the appropriate choice for this
problem, so the two previous equations will be used in (7,0, z). From Appendix B.4 on page 846,
the continuity equation becomes

10 10vg  Ov,
car T St =0
~ 7 20

which doesn’t tell us anything. From Appendix B.6 on page 848, the Navier-Stokes equation
yields the following three scalar equations in cylindrical coordinates.

ov, ov, g Ov, ov, vg Op o (10 1 0%v, O%*v, 2 0w
p — || =—=+ —(rvy) 2

ot "ror T a0 T ar T Har \7ar * aa2+822_r289]+£€£

1 0%vg O%vyg 2 Ouy

=0
Jvg Ovg  vg Ovg dvg  vvg)  10p 010
p(m*”rarﬂae“zaz* r )‘ r£99+u[8r<r87~(m9))+r2892 +8z2+r289}+ﬁgf/
=0 -0 =0 =0 -0 =0 -0 -0 =0
v, v, v v, ov.\ _@4_ 19 ( v, +l82fuz +82v2 N
P\at " or T 00 T %2 ) T o2 ror \"or ) T 2002 T a2 | TP
\*,6/ =0 =0 =0 =0 =0
> > > > ~ > >
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The relevant equation for the velocity is the #-equation, which has simplified considerably from

the assumption that v = vg(r, ).
Ovy 0 (10 (rvp)
— =pu— | —=(ry
Por = Har \Gar"
The PDE and its associated initial and boundary conditions will now be nondimensionalized.
Divide both sides by x and introduce R? on the right side.

MM—ROP%8<T)}1

R2

wor or 7o \RY

R

Multiply both sides by R?.

u ot or
Let & and 7 be defined as in part (a).

-t g
r  Or

PRQ%_RG [RR(? (r )]

Divide both sides by QR.
9w _ 0|10 (c2)
Or QR 06 |£0¢ CQR

Introduce a new nondimensional velocity .

_ Y

v= QR

Then the nondimensional PDE is - 5 /19

o = o (e
and its initial and boundary conditions are

P(k,7) =0 (7)
P(l7) =1 (8)
¥(£,0) = 0. (9)

As a result of the spinning outer cylinder, the fluid starts to move and eventually reaches a steady
state. 1 can be thought to have an equilibrium part ¥ (£) and a transient part (£, 7) that dies
out as 7T increases. Substitute ¥(&,7) = ¥oo(§) — ¥¢(§, 7) into the PDE.

0 0 (10
5l (©) = ()] = g1 (5 5 lom(© — vi(6:mD)

Distribute the operators.

If we set

a (1d(§¢oo)> =0, (10)
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then the previous equation becomes
O _ 0 (19
or  0& \€£0¢
Solve equation (10) for the steady-state velocity profile first. Integrate both sides of it with
respect to &.

(€0). (11)

1d

gdfg(&boo) =Cho
Multiply both sides by &. ;

%(fwm) = C10€

Integrate both sides with respect to £ once more.

52
oo = 0105 +Cn

Divide both sides by &.

ne(€) = Cro + 2

The boundary conditions, ¥(k,7) = 0 and ¢(1,7) = 1, hold for all time, including the steady
state. Apply ¥oo(k) = 0 and oo (1) = 1 to determine C1g and C1;.

K CH

’QDOO(KJ) = 0105 + 7 =0
1
1/)00(1) = 0105 +Ci1=1
Solving this system of equations gives
2 2
ClO and 011 = — r

T1 -2 1— k2

So the steady-state velocity distribution is

Now we will solve equation (11) for ¢;. Multiply both sides of it by —1.
oYy 0 (10
or % (565
To find the initial and boundary conditions associated with it, substitute
P(€,7) = Yoo(§) — ¥u(&, 7) into equations (7), (8), and (9).
77/}(’%77—) :%o(ff)—%(ﬁﬁ) :O_wt(’%ﬂ—) =0 — ¢t(’%77—) -
P(1,7) = Yoo(1) = (L, 7) =1 = (1, 7) = 1 Yi(1,7) =
P(£,0) =Yoo (§) —11(£,0) =0 V(€ 0) = Yoo (§)

<§wt>> : (11)

AN
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The PDE for 1, and its boundary conditions are linear and homogeneous, so the problem can be
solved with the method of separation of variables. Assume a product solution of the form
Y = F(§)G(7) and plug it into the PDE

,_ 0 (10
FGag(sagﬁFGO

Yi(k,7) =0 — F(r)G(T) =
(1, 7) =0 — F()G(r) =

and the boundary conditions.

0 F 0
0 F 0

Now separate variables in the PDE: bring the constants and functions of 7 to the left side and
bring the functions of £ to the right side.

G’ 1d/1d
G T (m‘f”)

The only way a function of 7 can be equal to a function of £ is if both are equal to a constant 7.

G 1d/1d
= (eo€m)) =1
G Fdf\&d¢
Values of n for which the boundary conditions are satisfied are known as the eigenvalues, and the

nontrivial functions associated with them are known as the eigenfunctions.

Determination of Positive Eigenvalues: 1 = o

Assuming 7 is positive, the differential equation for G becomes

¢ —a
Multiply both sides by G.
G' = a*G

The general solution is written in terms of the exponential function.
G(’T) == 0126a2t

The possibility that there are positive eigenvalues can be dismissed here because G(7) diverges as
T — OQ.

Determination of the Zero Eigenvalue: 1 =0

Assuming 7 is zero, the differential equation for F' becomes

1d/1d
Fie (gier) =0

i (ietem) =

Multiply both sides by F'.
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Integrate both sides with respect to &.

2;5(51“ )=Cis
Multiply both sides by &. p
dfé(fF) = C13§

Integrate both sides with respect to & once more.

52
§F = 0135 + Cly

Divide both sides by 7.

§, Cu
F() =Ci32+—
3 135 + ¢
Apply the boundary conditions here to determine Ci3 and Ci4.
k C
F(/i>2013§+£=0
1
F(l) = 0135 + 014 =0
Solving the system yields C13 = 0 and C14 = 0, which results in the trivial solution. Zero is not
eigenvalue.
Determination of Negative Eigenvalues: n = —3?

Assuming 7 is negative, the differential equation for F’ becomes

1d (1d o
Fie (gaeer) =

Multiply both sides by ¢2F.
gl

% (ten) = -oer

g dé
Expand the left side.
€2F//+€F/ _F = _/8252}7
Bring 82¢2F to the left side.
ECF+¢F + (B¢ - 1)F =0

This is the parametric form of Bessel’s equation of order one. The general solution is written in
terms of first-order Bessel functions of the first kind J;(8¢) and second kind Y (5¢).

F(&) = C1521(BE) + Cr6Y1(BE)

Apply the boundary conditions here to determine C15 and Cig.

F(k) = C15J1(BK) + C16Y1(BK) = 0
F(1) = Ci5J1(B) + C16Y1(B) = 0
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Solve the second equation for Cig

B J1(8)
Ci6 = 015}/1(,6)
and plug the result into the first equation.
J
Ci5J1(BK) — CH’YiEg;YI(ﬁH) =0

To avoid getting the trivial solution, we insist that C15 # 0. Write the two terms on the left side

as one. J1(Br)Y1(B) — J1(B)Y1(BkK)
Yi(8)

Hence, (3 is defined implicitly by Ji(8k)Y1(8) — J1(8)Y1(Bk) = 0. J1 and Y; are oscillatory
functions, so there are infinitely many values of 3. If §,, denotes the nth zero of the function, then

Cis =0

| J1(Bar)Y1(Ba) = Ji(Bn)Yi(Bar) =0, n=1,2,. ...

The eigenfunctions associated with these eigenvalues for A\ are

F(&) = C1511(BE) + Cr6Y1(BE)

= C15J1(BE) — 015;]/122 Y1(p¢)
C
= ng)[h(ﬁf)}ﬁ(ﬁ) = J1(B)Y1(B¢)]

= Cur[ 1 (BEOYA(B) — T (B)Y1(BE)]
= | Fa(€) = i(Bal)Yi(Bn) = Ji(Ba)Yi(Bn€), n=1,2,....

Now the ODE for G will be solved.

G 9

Z=-f
Multiply both sides by G.

G' = -p°G

The general solution is written in terms of the exponential function.
Gr)=e " S Gur)=e 7, n=12,...

According to the principle of superposition, the general solution for ¢, is a linear combination of
eigenfunctions over all the eigenvalues.

oo
Di(€,7) =Y Bue T F(€)
n=1
Apply the initial condition here to determine B,,.

$i(€,0) =D BuFn(€) = ¢so(9)
n=1
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Substitute the steady-state velocity distribution found for ¥.

> o= i (3)]

Multiply both sides by F,(£)&, where m is an integer.

o0 B § - E 2
SRR OFE = 1 [1 (5)

Integrate both sides with respect to ¢ from x to 1 and distribute £2.

1 o 142 .2
| S Bab@Fa©gde = [ S R de
— K

Bring the constants in front of the integral on the left side.

9 1 1¢2_ 2
B, [ F@Fa©€de = [ SRl
n—1 K K

Because the F,, () satisfy an ODE of the Sturm-Liouville form, they are guaranteed to be
orthogonal with respect to the weight £, meaning that the integral on the left side is zero for
n # m. As a result, every term in the infinite series vanishes except for one: n = m.

1 1¢2 .2
B, [ FAOcde= [ SR

Fn ()¢

Solve this equation for B,.

1 52 _ H,Q
/ F2(6)¢ de

The dimensionless velocity is then

S S PR 20 R < S
PET) = 1oy [1 (5)] LTt

Changing back to the original variables, the velocity distribution for ¢ > 0 in an annulus with the
outer radius rotating at angular velocity 2z is therefore

( ) ZB eXp< nRZ)F(;).

Qr
1— k2

vg(r,t) =
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V' k=0.5

0.8
0.6
0.4
0.2

7

1.0 0.5 0.0 0.5 1.0 R

Figure 4: This figure shows the dimensionless velocity distribution i versus £ for k = 0.5 when
7 =0, 7=0.0001, 7 = 0.0007, 7 = 0.0025, 7 = 0.0075, and 7 = 0.02 in red, orange, yellow, green,
blue, and purple, respectively. In black is the steady-state velocity distribution. The profiles are
only approximate, as only the first 20 terms in the infinite series have been used. The integrals in
B,, and the values of § were calculated numerically. Notice that the steady-state velocity is not
linear.
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Figure 5: This figure shows the right side of Figure 4 zoomed in.
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Figure 6: This figure shows a graph of y = J1(8k)Y1(8) — J1(B)Y1(Bk) versus § for k = 0.5.
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