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Problem 33

Show that if @ and A are positive constants, and b is any real number, then every solution of the
equation
Y +ay = be M

has the property that y — 0 as ¢ — oo.
Hint: Consider the cases a = X\ and a # A separately.

Solution

y +ay = be M
This is a first-order linear inhomogeneous ODE;, so it can be solved by multiplying both sides by

an integrating factor I.
t
I =exp (/ ads) = e

t

Proceed with the multiplication.
6a1fyl + CLeaty — beate—)\

The left side can be written as d/dt(Iy) using the product rule.

d a a—
@(6 ty) = bel*~ V!
CaseI: a =\
d a
%(6 ty) =
Integrate both sides with respect to t.
ey =bt +C

Divide both sides by e to obtain the general solution for .

bt C
y(t) = cat T gat

Take the limit of both sides as t — oo.

lim y(t) = lim bt + lim <

t—00 t—o0 ed t—o0 et

=0

The remaining term is an indeterminate form (co/o0), so ’'Hopital’s rule can be applied to
evaluate the limit.

d
s at
tlg(r)loy(t) H tlgIolo ieat - tllglo aedt 0
dt

We conclude that, in the case a = A, all solutions of this ODE tend to zero as t — co.
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Case II: a # A\

d at,\ _ 1,,(a=N\)t
dt (6 y) - be

Integrate both sides with respect to ¢.

t
ey = / bel® N3 ds + ¢y

b

=— Ae(“—*)t +C
b eat

S aaen O

Divide both sides by e to obtain the general solution for .

b1 G
a—AeM  eat

y(t) =

Take the limit of both sides as t — oo.

lim y(t) = i 1 . O
i () = Jim o+ i
—_————

=0 =0

We conclude that, in the case a # A, all solutions of this ODE tend to zero as t — oo. Therefore,

every solution of ¢’ + ay = be~* tends to zero as t — oo.
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