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Problem 40

Some Special Second Order Equations. Second order equations involve the second derivative
of the unknown function and have the general form y′′ = f(t, y, y′). Usually such equations cannot
be solved by methods designed for first order equations. However, there are two types of second
order equations that can be transformed into first order equations by a suitable change of
variable. The resulting equation can sometimes be solved by the methods presented in this
chapter. Problems 36 through 51 deal with these types of equations.

Equations with the Dependent Variable Missing. For a second order differential equation
of the form y′′ = f(t, y′), the substitution v = y′, v′ = y′′ leads to a first order equation of the
form v′ = f(t, v). If this equation can be solved for v, then y can be obtained by integrating
dy/dt = v. Note that one arbitrary constant is obtained in solving the first order equation for v,
and a second is introduced in the integration for y. In each of Problems 36 through 41, use this
substitution to solve the given equation.

y′′ + y′ = e−t

Solution

This is a first-order linear inhomogeneous ODE for y′, so it can be solved by multiplying both
sides by an integrating factor I.

I = exp

(ˆ t

ds

)
= et

Proceed with the multiplication.
ety′′ + ety′ = 1

The left side can be written as d/dt(Iy′) by the chain rule.

d

dt
(ety′) = 1

Integrate both sides with respect to t.
ety′ = t+ C1

Divide both sides by et.
dy

dt
= te−t + C1e

−t

Integrate both sides with respect to t once more.

y(t) =

ˆ t

se−s ds− C1e
−t + C2

=

ˆ t

s
d

ds
(−e−s) ds− C1e

−t + C2

= s(−e−s)

∣∣∣∣t − ˆ t

(1)(−e−s) ds− C1e
−t + C2

= −te−t +

ˆ t

e−s ds− C1e
−t + C2

= −te−t − e−t − C1e
−t + C2

= −te−t − (C1 + 1)e−t + C2
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Therefore, using a new constant C3 for −(C1 + 1),

y(t) = −te−t + C3e
−t + C2.
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