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Problem 20

In each of Problems 13 through 20, verify that the given functions y; and yo satisfy the
corresponding homogeneous equation; then find a particular solution of the given
nonhomogeneous equation. In Problems 19 and 20, g is an arbitrary continuous function.

22y + xy + (22 — 0.25)y = g(x), = >0; y1(z) = /2 1/2

sinz, yolzr)=x""/“cosx

Solution

Verify that the first solution satisfies the associated homogeneous equation.

o2y 4z + (2% — 0.25)y 20

(V2 sinz)" + x(x 2 sinz) + (2% — 0.25) (2" /2 sin z) Lo

1 ' 1
2 <—2x_3/2 sinz 4+ 2712 cos x> +z (—2x_3/2 sinz 4+ 27 1/2 cos l’) + (22— 0.25) ("2 sin z) 20

1 1 1
x> (23:5/2 sinz — —z 32 cosx — 5:5*3/2 cosx —x Y2 sin x> +z <—2x3/2 sinx + 272 cos x>

+ (22 — 0.25)(z /% sin z) 20

3 |
W—N—N—M—W+m

P sme — 02502 na = 0

0=0

Now verify that the second solution satisfies the associated homogeneous equation.

22y + xyh + (2% — 0.25)ys 20
(72 cosz)" + x(x % cos ) + (2% — 0.25)(z "2 cos ) 20
2 1 —3/2 -1/2 & , 1 —3/2 -1/2 o 2 —-1/2 ?
z” | =5 CosT — sinz | +x —5% CoST — sinz | + (z* —0.25)(z cosz) =0

z? (21‘5/2 cosx + %x73/2 sinx + %:cig/Z sinz — 2 Y2 cos x> +x <—;:c3/2 cosx —x Y2 sin 37)

+ (22 — 0.25)(z /2 cos z) 20

3 1
W+N+N—M—W—m

1 P s — 0.254= 2 Cos = — 0
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0=0

Because the ODE is linear, the general solution can be expressed as a sum of the complementary
solution y.(x) and the particular solution y,(z).

y(2) = ye() + yp(a)
By the principle of superposition, y.(x) is a linear combination of y;(x) and ya(x).
ye(z) = Cra™ 2 sinz + Cox ™% cos x

According to the method of variation of parameters, the particular solution is found by allowing
the parameters in y.(x) to vary.

yp(x) = Cy(x)z™ Y2 sinz + Cy(x)z % cosa
It satisfies the following ODE.
xzy;,’ + zy, + (2% — 0.25)y, = g(=)

Substitute the previous formula for y,(z).

2?[C1(z)a™ 2 sinx + Co(x)z /2 cos )" + z[Cy (x)z™? sinz + Cy(x)z™ /2 cos x)’
+ (22 — 0.25)[C1(z) 22 sinz + Co(z)z™ 2 cos z] = g(x)

Evaluate the derivatives.
[C'( Jo~ /2smm—§Cl( )z 3 sinx + Cy(x)2~ 2 cosz + Ch(x)z™ 2 cos
—*CQ( )32 cos & — Cy(a)x™ /2SID$:|/
—}—x[Ci(x)x_l/Qsinx fC'l( a3 sinz + Cy(x)z™ /% cosz + Ch(x)z™ /% cos

—502(33)3373/2 cosz — Cy(x)z /% sin m}

+ (22 — 0.25)[C1(z)z" 2 sinz + Co(z)z~ 2 cos z] = g(x)

? [C’{’(x)x_l/2 sinz — %C’{ (2)z™3?sinz + C} (z)a™? cos z — ;C{(x)a:_gﬂ sinx + ZC& (z)z™%?sinx
— —Cy(x)z 32 cosz + C (x)z /% cosz — 701( ya =32 cosz — Oy (x)x™ 2 sinx
+ CY(x)z % cosx — fC’( &3 cosz — Cy(x)z ™/ 2 sinz — ;Cé(x)xfg’ﬂ COS
3 52 1 —3/2 / 1/2 —3/2 1/2
+402(x)x cos T + QCQ(ZL')I' sinx — Cy(z)x™/“sinx + Cg( ) sinx — Co(z)z™ "/ cosx
+z |C(x)zsing — =Cy(z)z"?sinz + Cy(x)z~ Y2 cosz + Chy(x)a™ 2 cos x
—~Cy(x)z 3% cos & — Co(z)z™?sinzx

+ (22 — 0.25)[C1(z) 22 sinz + Co(z)z~ 2 cos z] = g(x)
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Simplify the left side.
2%2(sin ) CY () + 223/%(cos ) C) () + 23/% (cos ) CY (x) — 2%/ (sin 2)Ch(z) = g(x)
Divide both sides by z3/2.
(sinz)CY (z) + 2(cos z)C4(z) + (cos z)Cl () — 2(sinz)Ch(z) = g(x)z >/

If we set
(cosx)CY (z) — 2(sinz)Ch(x) = 0, (1)

then the previous equation reduces to
(sinz)CY (x) + 2(cos z)C () = g(x)z™/2. (2)
The aim now is to solve this system of equations for C(z) and Ca(z). Divide both sides of

equation (1) by cosz.
sinz

CY(z) —2 Co(z) =0

cos T
Use an integrating factor I; to solve it.

x .

sSin S 2

I = exp -9 ds | = 621nv:os:p — elncos T _ COS2LE
COS s

Multiply both sides of the previous equation by I;.
(cos? 2)CY(x) — (2sinz cos2)Ch(x) = 0

The left side can be written as d/dx[I;C%(z)] by the product rule.
i[(cos2 z)Ch(z)] =0
dx 2

Integrate both sides with respect to x, setting the integration constant to zero.
(cos® z)Ch(z) =0
Divide both sides by cos? .
Ch(z) =0

Integrate both sides with respect to x once more, setting the integration constant to zero.
Ca(z)=0

Divide both sides of equation (2) by sinz.

—3/2
COSH:C{(%) _ g(x)x

oy 2
1(@) + sin x sin x

Use another integrating factor Is to solve it.

T

CcoS S . .y .

I2 = exp 2= ds )| = eZlnsmx _ elnsm T _ San:L,
Sl s
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Multiply both sides of the previous equation by Is.
(sin? 2)CY (z) + (2cos zsinz)C (z) = g(z)z™>?sinz

The left side can be written as d/dx[I2C](z)] by the product rule.

2 [(sin? )0y (2)] = g)r 2 sin

Integrate both sides with respect to x, setting the integration constant to zero.
x
(sin?2)C}(x) = / g(s)s™3?sin s ds
Divide both sides by sin? z.
xr
C'(z) = csc? $/ g(s)s™3 % sin s ds
Integrate both sides with respect to x once more, setting the integration constant to zero.
z q
Ci(z) = / csc? q/ g(s)s™3?sin s ds dq

z rq
:/ /(CSCQq)g(s)s?’/Qsinsdsdq

Suppose that the initial conditions are both given at = a: y(a) = yo and y'(a) = vo. Then the
lower limits of integration are both a.

z rq
C’l(x):/ /(csc2q)g(s)33/2sinsdsdq

The current mode of integration in the gs-plane is shown below on the left.

S S

Y

r
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Integrate over the domain as shown on the right to switch the order of integration.

C

1(95):/ / (csc? q)g(s)s™>/?sin s dqds

T

g(s)s™3/%sin s dq ds

= /:(—cotq) S

= / (cot s — cotz)g(s)s /% sin s ds

:/ (cos s — sinscotz)g(s)s /2 ds
a

The particular solution is then

Yp(2)

Ch
Ch

(@)y1(z) + Co(@)y2(z)
(2)z~ 2 sinz + Cy(z)a~ 2 cosx
/ (coss —sinscotz)g(s)s /2 ds| 27/ % sinx

x
a2 / (sinz cos s — sin s cos z)g(s)s /% ds
a

$_1/2/ sin(z — s)g(s)s /% ds.

Therefore, the general solution is

y(2) = ye(@) + yp(@)

= Cia~ P sinz + Cyz ™2 cosw + a7 /? / sin(z — 3)9(3)3_3/2 ds,

where, again, = a is when the initial conditions are given.
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