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Problem 19

In each of Problems 11 through 28, find the general solution of the given differential equation.

y(5) - 3y(4) + 3y/// - 3y// + 2y/ =0

Solution
Start by making the substitution u = 3/.
u® — 30" + 30" —3u +2u=0

This is a homogeneous ODE with constant coefficients, so the solution is of the form u = .

u=e"t — W =ret = W =r2t s W =%t 5 W =pte

Substitute these expressions into the ODE.
rlert — 3(r3e™) 4 3(r2e™) — 3(re™) + 2(e") = 0

Divide both sides by €.
rt =38 +3r —3r+2=0
(r—1(r—2)r?+1)=0
r={1,2,—i,i}

Four solutions to the ODE are then y = ¢! and y = ¢?! and y = ¢ and y = e~*. By the principle
of superposition, the general solution for u is a linear combination of these four.

u(t) = Cre' + Coe?t + Ce + Cue

Change back to y now. ‘ ‘
Y (t) = Crel + Cye® + Cze't 4 Cye™

Integrate both sides with respect to t.

C Cs 4 Cyi _;
y(t) _ Clet + 726215 + 7.3611& B 7'46—215
(3 1

C
2 tCs

C C C
= Crel + 726% + —_3(cost +isint) — —,4(cost —isint) + Cs
i i

= Che' + %e% + <C;3 — %) cost + (C3 + Cy)sint + Cs

Therefore, using new constants,

y(t) = Cre’ + Coe* + Crcost + Cysint + Cs.
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