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Problem 40

In this problem we outline one way to show that if 1, ...,r, are all real and different, then e"?,

, e"! are linearly independent on —oco < t < co. To do this, we consider the linear relation
cre 4 4 cpe™t =0, —00 <t <00 (i)
and show that all the constants are zero.
(a) Multiply Eq. (i) by e™"! and differentiate with respect to ¢, thereby obtaining
ca(ra = r)e T g (= )l T = 0,
(b) Multiply the result of part (a) by e~("2="1)* and differentiate with respect to ¢ to obtain
e3(rs — 1) (r3 — r1)e 2 oo e (r — o) (1 — 11 )T TR = 0,
(¢) Continue the procedure from parts (a) and (b), eventually obtaining
en(tn —rn—1) - (rn — rl)e(””*r”—l)t =0.
Hence ¢, = 0, and therefore,
et 4+ et = 0.

(d) Repeat the preceding argument to show that ¢,—1 = 0. In a similar way it follows that
Cn—g = -~ =c1 = 0. Thus the functions €™, ..., e are linearly independent.

Solution

Consider the linear relation in Eq. (i).
cre™t 4 coe™t 4 e3e™t + et o F cpe™t = 0, —00 <t <00
Multiply both sides by e~"¢.
o1+ et 4 oAt 4 (=Dt | (et
Differentiate both sides with respect to .
ca(ry — rl)e(”*”)t + c3(rg — 7“1)6(7“37”)7: +cq(rg — rl)e(”*”)t + - Fep(rn — rl)e(’”"*”)t =0
Multiply both sides by e~(r2—m1)t,
ca(ra — 1) + c3(rs — Tl)e(r3_r2)t + ca(ra — 7’1)6(T4_r2)t + - Fen(rn — Tl)e(rn_rz)t =0
Differentiate both sides with respect to t.
ca(rs — 1) (rs — 12)e 2 ey (ry — r1) (rg — r2)eT T ey (1 — 1) (1 — 12)e T =0
Multiply both sides by e~ ("3—72)t,

e3(rs —r1)(rs — ra) + ca(ry — r1)(rg — 12)e 7 oo p e (ry — 71) (1 — 1)l T = 0
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Differentiate both sides with respect to t.
cq(ry —r)(rqg —ro)(rq — 7“3)6(T4_r3)t + o ten(rn —r1)(rn — o) (rn — 7“3)6(“L_r3)t =0
Multiply both sides by e~ ("4~7s)t,
ca(ra —r)(ra —r2)(ra — 73) + - 4 Cu(rn — 1) (10 — 72) (ryy — 73)e"n 7Tt = 0
Differentiate both sides with respect to .
o e — 71) (1 — 2) (1 — 173) (1 — 14) e Tt =

Continue in the same manner until only the last term remains.

en(rn —r1)(rn —12)(rn —13) (T — ra) -+ (1 — rn,l)e(r’”‘_”*l)t =0
Consequently, ¢, = 0, and Eq. (i) reduces to

cre™t 4 coe™t + eqe™t 4 g™t 4o £y =0

Multiply both sides by e~"¢.

1 + coe2 T cgeTTIE gy e(ramm)t Ll e et —
Differentiate both sides with respect to .
co(re — 7“1)6(”7“” + c3(rs — Tl)e(”’*”)t +cy(rg — rl)e(rrrl)t + ot ep_1(rp-1 — T1)6(T"717T1)t =0
Multiply both sides by e~ (2=t

ca(rg —r1) + c3(rs — 7’1)6(74371“2)t + cq(ry — Tl)e(”*r?)t + -t epo1(rp—1 — Tl)e(r””*”)t =0
Differentiate both sides with respect to .
c3(rs—r1)(rg—12) el 2 ey (ry—r ) (ra—r) e T e (P =71 ) (1 — g e 1T =
Multiply both sides by e~ ("3—72)t,
c3(r3 — 1) (13 — 12) + ca(ra — 1) (ra — 12)e T L) (rasy — 1) (P — rp)e(Tm1 T =
Differentiate both sides with respect to t.
cq(ra —r)(ra —ro)(ra — 7‘3)6(’”4*’"3)’e + -+ epo1(rn—1 —r1)(rn—1 — ro)(rpn—1 — rg)e(rn‘lfr?’)t =0
Multiply both sides by e~ ("4=73)t,
ca(ra—r1)(ra = ra)(ra = r3) + -+ en1(rn—1 — 1) (rn—1 — 12) (rn_1 — rg)em 1T = 0

Differentiate both sides with respect to t.

ot en1 (P — 1) (o1 = 72) (a1 — 13) (rp_q — r)e™m17TE =
Continue in the same manner until only the last term remains.

Cn—1(rn—1—11)(rn—1 — 12)(rn—1 — 13)(rn—1 — r4) - -+ (rp—1 — rn_g)e(r”—l_“”)t =0

Consequently, ¢,—1 = 0. Similarly, ¢,—2, ¢4—3, ..., c3, c2, and c; are zero as well. Therefore, the

functions, ", ..., e, are linearly independent.

www.stemjock.com



