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Problem 10

In each of Problems 9 through 12, find the solution of the given initial value problem. Then plot a
graph of the solution.

yW 2y +y=3t+4;  y(0)=¢'(0)=0, ¥'(0)=y"(0)=1

Solution

This is a linear inhomogeneous ODE, so the general solution can be expressed as a sum of y.(t)
and y,(t), the complementary solution and the particular solution, respectively.

y(t) = ye(t) + yp(t)
The complementary solution satisfies the associated homogeneous equation.

gt + 2y +ye =0 (1)

Since each term on the left has constant coefficients, the solution is of the form g, = e".
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Substitute these expressions into the ODE.
rlert 4 2(r%e™) + et =0
Divide both sides by €.
rt+2rP +1=0
(r*+1)*=0
r={—i,i}

Two solutions to equation (1) are then y. = e~ and y. = €. Since the multiplicity of each root

is 2, a second linearly independent solution can be obtained from each one by including a factor of
t: y. = te~ and y. = te*. By the principle of superposition, the general solution for ¥, is a linear
combination of these four.

ye(t) = Cre ™ + Oyelt 4+ Cyte™ ™ 4 Cyte™
= C1(cost —isint) + Ca(cost + isint) + Cst(cost — isint) + Cat(cost + isint)
= (C1 + Cy) cost + (—iCy + iCy) sint + t(C3 + Cy) cost + t(—iC3 + iCy) sint
= (Cscost + Cgsint + Crtcost + Cstsint

On the other hand, the particular solution satisfies
y$ + 2y +y, = 3t + 4.

To account for the two terms on the right side, we will include A + Bt in the trial solution.
Substitute y,(t) = A+ Bt in the ODE to determine A and B.

(A+ Bt)W +2(A+ Bt)" + (A+ Bt) =3t + 4
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Evaluate the derivatives.
(0)+20)+A+Bt=3t+4

Simplify the left side.
A+ Bt=3t+4

Match the coefficients to obtain a system of equations for A and B.

A=14
B=3

As a result, the particular solution is y,(t) = 4 + 3t, and the general solution is
y(t) = Cscost + Cgsint + Crtcost + Cstsint + 4 + 3t.
Differentiate it with respect to ¢ three times.

y'(t) = —Cssint + Cgcost + C7 cost — Cytsint + Cgsint + Cgt cost + 3
y"(t) = —Cscost — Cgsint — Crsint — Cysint — Cqtcost + Cgcost + Cgcost — Cgt sint
y"'(t) = Cssint — Cgcost — C7cost — Cycost — Crcost + Crtsint — Cgsint — Cgsint — Cgsint — Cgt cost

Now apply the initial conditions to determine C5, Cg, C7, and Cg.

y(0)=C5+4=0
y'(0)=Cs+C7+3=0
y"(0)=—-C5 +2Cs =1
y"(0)=—-Cs—3C7 =1

Solving this system of equations yields C5 = —4, Cg = —4, C7; = 1, and Cs = —3/2. Therefore,

3
y(t) = —4cost — 4sint + tcost — §tsint—|—4—|—3t.
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