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Problem 19

Consider the nonhomogeneous nth order linear differential equation
aoy™ + ary" ) + -+ any = g(t),
where ag, ..., a, are constants. Verify that if g(¢) is of the form
e (bot™ + -+ + by,
then the substitution y = e*u(t) reduces Eq. (i) to the form

kou™ + kyu™ Y 4 kpu = bot™ 4 -+ by,

(i)

where kg, ..., k, are constants. Determine kg and k, in terms of the a’s and «. Thus the problem
of determining a particular solution of the original equation is reduced to the simpler problem of
determining a particular solution of an equation with constant coefficients and a polynomial for

the nonhomogeneous term.

Solution

Let g(t) = e®t(bgt™ + - - + by,). Then Eq. (i) becomes

Make the substitution y = e*u(t).

aole®u(t)]™ + ar[eu®)] Y 4 - 4 apfeu(t)] = e (bot™ +

Start taking derivatives of eu(t) to observe a pattern.
tu(®) = e
[ ol (t)]" = e (0Pu + 2au’ + u")
]//:eat(a U+30[ +3au//+u///)
(4)

au + u')

[e®tu(t)]™) = e [au+ - - + ul™]
As a result, substituting these expressions into equation (1),

ape® [ + - - + u™] + are® 0"ty + - 4wV 4 g, [eu(t)] =

ape®u™ + .- 4 e (apa™u + ara" Y+ -+ ap_jau + apu) = e

Divide both sides by e** and factor u.

agu™ + -+ (apa™ + a1t agora + an)u = e (bpt™ +

Therefore, comparing the coefficients,

ki():a[)

kyn = apa™ + a1 M4+ ap_1a + ap,.
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Y = eatu + 103 + 60%u” + dau” + u)]

4+ bm)



