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Problem 6

In each of Problems 1 through 6, use the method of variation of parameters to determine the
general solution of the given differential equation.

yW 2y +y =sint

Solution

This is a linear inhomogeneous ODE, so the general solution can be expressed as a sum of y.(t)
and yp(t), the complementary solution and the particular solution, respectively.

y(t) = ye(t) + yp(t)

The complementary solution satisfies the associated homogeneous equation.

g+ 2y +y. =0 (1)

Since each term on the left has constant coefficients, the solution is of the form y. = e".

t t 2 rt no__ rt 4 rt

ye=e€" — y=re = yl=re — Yy =re — y£4):re

Substitute these expressions into the ODE.
rer 4 2(re™) + e =0
Divide both sides by e".
r 42 +1=0
(r*+1)*=0
r={—i,i}
i

Two solutions to equation (1) are then y. = e~ and y. = . Since the multiplicity of each root

is 2, a second linearly independent solution can be obtained from each one by including a factor of
t: y. = te~" and y. = te*. By the principle of superposition, the general solution for ¥, is a linear
combination of these four.
ye(t) = Cre ™ 4+ Che' + Cste™ + Cyte®
= C1(cost —isint) + Co(cost + isint) + Cst(cost — isint) + Cyt(cost + isint)
= (C1 + Cq) cost + (—iCy +iCy) sint 4+ t(C3 4+ Cy) cost + t(—iCs + iCy) sint
= (C5cost+ Cgsint + Crtcost + Cgtsint

On the other hand, the particular solution satisfies
91(24) + 2y, +yp = sint. (2)

According to the method of variation of parameters, the particular solution can be obtained by
allowing the parameters in y.(t) to vary.

yp(t) = Cs(t) cost + Cg(t) sint + C7(t)t cost + Cg(t)tsint
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Substitute this formula into equation (2).

[C5(t) cost + Cg(t) sint + Cr(t)t cost + Cg(t)t sin ]
+ 2[C5(t) cost + Cg(t) sint + C7(t)t cost + Cg(t)tsint]”
+ [C5(t) cost + Cg(t) sint + C7(t)t cost + Cg(t)tsint] = sint

Evaluate the derivatives.

[C2(t) cost — Cs(t) sint + Cg(t) sint + Cg(t) cost + Cr(t)t cost + C7(t) cost — Cr(t)tsint
+ C4(t)tsint + Cg(t)sint + Cg(t)t cost]” + 2[Cx(t) cost — Cy(t) sint + Cg(t) sint + Cg(t) cost
+ Ch(t)tcost + Cr(t) cost — Cr(t)tsint + C§(t)tsint + Cg(t) sint + Cg(t)t cost)’
+ [C5(t) cost + Cg(t) sint + Cr(t)t cost + Cg(t)tsint] = sint
If we set CL(t)cost + C§(t)sint + CL(t)t cost + C4(t)tsint = 0, then this equation simplifies to

[—C5(t) sint + Cg(t) cost + C7(t) cost — Cr(t)tsint + Cg(t) sint + Cg(t)t cost]”
+ 2[—Cj5(t) sint + Cg(t) cost + C7(t) cost — C7(t)tsint + Cg(t) sint + Cg(t)t cost]’
+ [C5(t) cost + Cg(t) sint 4+ Cr(t)t cost + Cs(t)tsint] = sint

[—CL(t)sint—Cs(t) cost+Cg(t) cost — Cg(t) sint+C%(t) cost — Cr(t) sint — Ch ()t sin t — Cr(t) sint
— C7(t)tcost + C§(t)sint + Cg(t) cost + C§(t)t cost + Cg(t) cost — Cg(t)t sint]”
+2[—CL(t) sint—Cj5(t) cos t+Cg(t) cost—Cg(t) sint+C%(t) cos t —Cr(t) sint — C%(t)t sint— Cr(t) sint
— C7(t)tcost + C§(t)sint + Cg(t) cost + C§(t)t cost + Cs(t) cost — Cg(t)t sint]
+ [C5(t) cost + Cg(t) sint + C7(t)t cost + Cg(t)tsint] = sint.
If we set —CL(t)sint + C(t) cost + Ch(t) cost — Ch(t)tsint + C§(t) sint + C§(t)t cost = 0, then
this equation simplifies to
[—C5(t) cost — Cg(t) sint — 2C7(t) sint
— C7(t)tcost + 2Cs(t) cost — Cg(t)tsint]”
+ 2[—C5(t) cost — Cg(t) sint — 2C7(t) sint
— C7(t)tcost 4+ 2Cg(t) cost — Cg(t)t sint]
+ [C5(t) cost + Cg(t) sint + C7(t)t cost + Cg(t)tsint] = sint

[—Ci(t) cost + Cs(t) sint — C(t) sint — Cg(t) cost — 207 (¢) sint — 2C7(t) cost — C(t)t cost
— Cq(t) cost + Cr(t)tsint + 2C4(t) cost — 2Cs(t) sint — Cg(¢)t sint — Cg(t) sint — Cg(t)t cost]’
+2[—C5(t) cost — Cg(t) sint — 2C7(t) sint
— Cy(t)tcost + 2Cs(t) cost — Cg(t)t sint]
+ [C5(t) cost + Cg(t) sint + Cr(t)t cost + Cg(t)tsint] = sint.
If we set —C%(t) cost — C(t) sint — 2C%(t) sint — CL(t)t cost 4+ 2C§(t) cost — C§(t)tsint = 0, then
this equation simplifies to
[C5(t) sin t—Cg(t) cos t—2C7(t) cos t—C7(t) cos t+C7 (¢ )t sin t—2Cs(t) sin t—Cyg (t) sin t—Cg (¢ )t cos t]’
+ 2[—C5(t) cost — Cg(t) sint — 2C7(t) sint
— C7(t)tcost 4+ 2Cg(t) cost — Cg(t)t sin t]
+ [C5(t) cost + Cg(t) sint + Cr(t)t cost + Cs(t)tsint] = sint
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[CE(t) sint+C5(t) cost — Cg(t) cost+Cg(t) sint —2C% () cos t+2C7(t) sint — C4(t) cost+ Cr(t) sin t
+ Ch(t)tsint + Cr(t) sint + Cr(t)t cost — 2Cg(t) sint — 2Cs(t) cost — C§(t) sint
— Cg(t) cost — C§(t)tcost — Cg(t) cost + Cg(t)t sint]
+ 2[—C5(t) cost — Cg(t) sint — 2C7(t) sin t
— Cy(t)tcost + 2Cs(t) cost — Cg(t)t sint]
+ [C5(t) cost + Cg(t) sint + Cr(t)t cost + Cs(t)tsint] = sint

Ci(t)sint — Cg(t) cost + Ch(t)(tsint — 3cost) + C4(t)(—3sint — tcost) = sint

As a result of using the method of variation of parameters, the problem of finding a particular
solution has reduced to solving the following system of ODEs.

Ci(t) cost + Cg(t) sint + C5(t)t cost + Cg(t)tsint = 0 (3)
—Ci(t)sint + Cg(t) cost + C4(t)(cost — tsint) + C§(t)(sint + tcost) = 0 (4)
—Ci(t) cost — Cg(t) sint + C4(t)(—2sint — tcost) + C§(t)(2cost — tsint) = 0 (5)
Ci(t)sint — C§(t) cost + Ch(t)(tsint — 3cost) + Cg(t)(—3sint — tcost) = sint (6)
Add the respective sides of equations (3) and (5) together, and add the respective sides of
equations (4) and (6) together. Doing so eliminates C%(t) and C§(t).
Ch(t)(—2sint) + C§(t)(2cost) =0
Ch(t)(—2cost) + C4(t)(—2sint) = sint

Solve this first equation for C§(t)

sint
Ciy(t) = —C7(t 7
s(t) = C7(t) (7)
and plug it into the second equation.
, sint _, . .
C7(t)(—2cost) + [COStC}(t)} (—2sint) =sint
int 1
CL(t) <cost + % Sint) =—3 sint

2 2
cos“t + sin“t 1
o) (*) — Lt
cost

1 1 .
Cé(t) <Cost) = —5 sint

1
CL(t) = —3 sintcost
1
= ——sin 2t
4
Integrate both sides with respect to t, setting the integration constant to zero.

1
Cr(t) = g o08 2t
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Substitute this back into equation (7) to get Cs(t).

int 1
Ci(t) = i (—2 sintcost)

cost
1 . 2
= ——sint
5 Sin
L1~ cos2t)
=——(1 —cos
4
Integrate both sides with respect to t, setting the integration constant to zero.
L, .
Cs(t) = g(sm 2t — 2t)
Substitute the results for C%(t) and C§(t) into equations (3) and (4).
/ R L. 1. .
Cs(t) cost + Cg(t) sint + —3 sintcost | tcost + —5sin t)tsint=0
/ . / 1. . 1 . 5 .
—Cx(t)sint + Cg(t) cost + ) sintcost | (cost —tsint) + —gsin t ) (sint+tcost) =0
Simplify these equations.
1
Ct(t) cost + Cg(t)sint = §t sin ¢ (8)
1
—Ci(t)sint + C§(t) cost = 3 sint

Solve this second equation for C§(t)

cost |2

1 J1
Ci(t) = - [ sint + Cf(t) sin t]
and plug it into the first equation.

1 |1 1
Ci(t) cost + p— [2 sint + CL(t )sint] sint = 5tsint

t+s1n t +lsir127§ 1t -
cos — = —tsin
2 cost 2

<cos t + sin? t> 1t Lt 1sin?t

= —tsin
cost 2 2 cost

1 1 1sin®¢
t)| — =tsint —
C5(t) <cost) 2 sin 2 cost

1 1
Ci(t) = itsintcost - isin2t

1 1
= Ztsith - 1(1 — cos 2t)
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Integrate both sides with respect to ¢, setting the integration constant to zero.
Ch(f) = —- (sin 2t — 2t cos 26) — & + L sin 2t
= —(s —2tcos2t) — — + —s
s 1g (sin 1 T gsin
1 t
= 1—6(381n2t — 2t cos2t) — 1
Substitute this result into equation (8) to determine Cp(t).

1 1 1
<2t sintcost — 3 sin? t) cost + Cg(t)sint = 575 sint

1 1 1
<2t cost — 3 sint) cost + Cg(t) = it
1

1 1
§tc082t - Qsintcost—i- Cg(t) = it

1 1
Ci(t) = it(l —cos’t) + 3 sint cost
1 1
= §t sin? t + 1 sin 2t
=L —cos2n) + Leina
=1 cos 7 5in
b1 2t + L 2t
= — — — o8 — sin
4 4 4

Integrate both sides with respect to ¢, setting the integration constant to zero.

21 1
Cs(t) = 3 E@t sin 2t + cos 2t) — g cos 2t
£ L orsint + 3cos20)
=— — —(2ts cos
g 16 "

The particular solution is then

yp(t) = Cs5(t) cost + Cg(t) sint + C7(t)t cost + Cg(t)tsint

1 t 21
= [16(3Sin2t—2t0082t) — 4] cost + [8 — 1—6(2tsin2t+30052t) sint
1 1, . .
+ gCOSZt tcost + g(s1n2t—2t) tsint
boostt 3 sing— b sint
= ——cost+ —sint — —sint.
4 16 8

Therefore,
y(t) = ye(t) + yp(t)
2

t 3 t
= C5cost + Cgsint + Crtcost + Cgtsint — Zcost—l— Esint — gsint

3 1 t?
= (C5cost + (Cﬁ + 16) sint + (C — 4) tcost + Cgtsint — gsint

2
= C5cost + Cysint + Cigtcost + Cgtsint — gsint.
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