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Problem 20

Show directly, using the ratio test, that the two series solutions of Airy’s equation about x = 0
converge for all z; see Eq. (20) of the text.

Solution

The Airy equation is

y" —xy =0.
x = 0 is not a zero of the coefficient of y”, so x = 0 is an ordinary point. As such, the solution for
y can be represented as a power series centered at x = 0.

o
= E anxT”
n=0

Differentiate this series twice with respect to x to get v’ and y”.

oo oo o0
Y= Z apx"” — oy = Z napz™ b = Y = Z n(n — 1)apz™ >
n=0 n=1

n=2

Substitute these series into the ODE.

oo o
Z n(n — a2 — E apz” =0
n=2 n=0

Bring x into the respective summand.

o oo
g n(n — 1a,z" % — g anz™t =0
n=2 n=0

Substitute £ + 1 = n — 2 in the first sum and k£ = n in the second sum.

Z (k+3)(k + 2)apz2z" ™ — Z apz" =0
k+3=2 k=0
Solve for k. -
> (k+3)(k + 2)apsza’" Z apa®t
k=—1

Write out the first term of the first sum.

2a2+2kz+3 k+2ak+3af Z%CE
k=0

Now that each of the sums has the same limits and factors of x, they can be combined.

2a9 + Z[(kz +3)(k + 2)ap 32" — apa® =0
k=0

Factor the summand.

205 + > _[(k+3)(k + 2)arss — arla" = 04 0z + 027 + - -
k=0
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Match the coefficients.

2a9 =0
(k+3)(k+2)agss —ar =0

Solve for as and ag43.

a9 =0
a = —ak
Mk +3)(k + 2)

Plug in enough values of k£ to find a pattern.

agp agp ai a
“TBER 32 “TWE) 13
as agp a4 a
k=3: ag= = k=4: — -
=65 6-5-3-2 N6 T 7643
k=6 ag agp ar ay
= . ag = =
P77 (9)(8)  9-8-6-5-3-2

k=7: = -
0= 10y(9) T 10-9-7-6-4-3

Generalize these results.

ao

0T WA[qoid - Z'¢ U009 90T SHUO PWHJI( 23 994og

ok = [(3k)(3k — 3)(3k — 6) -~ (3)][(3k — 1)(3k —4)(3k —T7) - -~ (2)]
_ ao
CBRE) (k=1 (k—2)- (U] [35(k—5) (k—5) (k= 5) - (3)]
N r(k+2)
[l
r(3

~ YORRD (k + 2)
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kL= T8k 1 1)(3k — 2)(3k —5) - - (41)][(3k)(3l<: —3)(3k—6)---(3)]
_ a
Bk (k=3) (k-3) - (5)] BER)(k - 1)k —2)--- (1)]
— a1
[3kF(Fk(g§)] 3% K]
o I (3)
326KIT (k + 3)

Therefore,

[e.e]
y(z) = Z anz"”
n=0

00 o) 0o
_ E 3k § : 3k+1 § : 3k+2
= asel + a3f++1T + a3k+4+2T

k=0 k=0 k=0

I S ) HTS S ) B
£ 3T (k + 3) = 32REIT (k + 5)

Now apply the ratio test to show that the first series solution converges.

F(%) 1:3(k+1)
. k+1 . 320k+ 1) (k4 1)IT (k+142)
lim = lim -
k—oo | Ay k—o0 L sk
32REIT (k+2) "
_ o [PG) 8% R T(ht) o0
k5o |T(2) P (R + DIT (k+2+1) @
1 ! I (k+2
= lim |5 k 2( +3) 2$3
k—oo |32 (k+ 1)kl (k+2)T (k+ 3)
1 1 1
— lim |2 3
kvoo [0k + 1+ 2"
1
= lim 3
k—oo 9(k + 1) (k:+%)| ‘
= 0]

According to this test, the first series is

convergent if 02®| < 1
unknown if Olz% =1.

divergent if 0]z > 1

From the condition of convergence, which can also be written as |z3| < 1/0 = oo, or
—00 < 23 < 00, or —00 < T < 00, we see that the center of convergence is at = 0 and the radius
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of convergence is co. Now apply the ratio test to the second series.

k—o0

Biy1
By,

r(3) 30141
. 32(k+1)(k+1) (k+1+4)
= lim
k—o00 (3) L3k+1
32kEID (k+1)
[P i vy e
koo |T (%) 320641 (k+1)!IT (k + % +1) 23k+1
1 ! T(k+2
:lim—2 i ' 4( +3) 4563
koo |32 (k+ 1! (k+ 3)T (k+3)
= lim 11 1 23

= lim |23
k=00 9(k + 1) (k + 3)
= 0]

According to this test, the second series is

From the condition of convergence, which can also be written as |23| < 1/0 = oo, or

convergent if 0]z3 < 1
unknown if Olz%| =1 .

divergent if 0]z3| > 1

—00 < 23 < 00, or —00 < T < 00, we see that the center of convergence is at = 0 and the radius

of convergence is co.
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