Churchill Complex Variables 8e: Section 85 - Exercise 3 Page 1 of 3

Exercise 3

Use residues to evaluate the definite integrals in Exercises 1 through 7.
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Solution

Because the integral goes from 0 to 2, it can be thought of as one over the unit circle in the
complex plane.

z=¢e?

@] 1

Figure 1: This figure illustrates the unit circle in the complex plane, where z = x + iy.

This circle is parameterized in terms of @ by z = € = cos 6 + isinf. Write cos 36 and cos 26 in
terms of z and write df in terms of dz.

3 3i0 . )

z° = e = cos 30 + isin 360 3 3

3 3i0 — 224 23=2c0s30 — cos30 = Zrz
z " =e"" =cos30 —isin 30 9

2 2i0 . )

2z =e"" = cos20 +isin 20 9 9

2 2160 — 22 + 2_2 = 2 cos 29 — CcOS 29 — i
2 =e " =cos20 — isin 20 9

z=c¢ — dz=ic?do=izdo0 — de:@

With this change of variables the integral in df will become a positively oriented closed loop
integral over the circle’s boundary C.
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T cos? 30 df B 21242641 dz
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:% ( +5 ) dz
0 82% (24— 522+ 1)
According to the Cauchy residue theorem, such an integral in the complex plane is equal to 2mi

times the sum of the residues inside C. Determine the singular points of the integrand by solving
for the roots of the denominator.

82° <z4 222+1> =0

z=0 or ,24—;224-1:0
21:—\/5%—1.414

~ —0.707

Sl

54,/2 _y 22 = -

1
z3 = — =~ 0.707

V2
Z4 = V2~ 1.414

Because there are only three singular points inside the unit circle, namely z = 0 and z = 22 and
z = z3, there are only three residues to calculate.

i(25 +1)2 i(25 +1)2 i(25 +1)2

+ Res

Res z=23 820 (24 — 222 + 1)

2=0 825 (24 — 322 + 1) 2 825 (24— 5224+1)

< .6 1 2
§1§ UG M
o 825 (24 — 322+ 1)

The denominator can be factored as 82° (24 — 322 4+ 1) = 825(2 — 21)(2 — 22) (2 — 23) (2 — 24).
From this we see that the multiplicities of z — 25 and z — z3 are both 1 and that the multiplicity
of z is 5, so the residues are calculated by

SRR (G ) e () B i (U
2=0 820 (24— 32241) (5-1)! 24
i(25 +1)2
R =
z:eZSQ 825 (24 _ %ZQ + 1) ¢2(22)
(56 2
Res — > 1 1) = ¢3(23),

2=23 825 (24 — 222 + 1)

where ¢g(z) and ¢2(2) and ¢3(2) are the same function as the integrand without the factors z°

and z — zo and z — 23, respectively.

i(2% 4+ 1)2
Po(2) = 8 (24( — 322)-1— 1)
- i(20 +1)2
P2(z) = 825(2 — 21)(2 — 23) (2 — 24)
(20 2
¢3(z) = )

C82%(2 — 21)(2 — 20)(2 — 24)
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Rather than taking four derivatives of ¢o(z), an alternative approach to finding the residue at
z = 0 would be to use long division to divide i(2® + 1)? by 8z° (24 — 322 + 1). The residue would

then just be the coefficient of 1/z.

" i(28 4+ 1)2 o) 21
es = = —
=0 825 (21 — 322 4+ 1) 24 32
Res (2% +1)2 i(28 4+ 1)2 27 .
= = ——1
2=22 825 (24 — 222 +1)  823(20 — 21)(22 — 23)(22 — 24) 64
R i(25 +1)2 i(28 +1)2 27 .
€S = = ——
z=z3 82’5 (24 - %ZQ + 1) 82§(Z3 — 21)(23 — Z2)<23 — 24) 64
As a result,
?g (2% +1)2 o (2127 21N . G 3
=2mi| - — —t— —t ) =2mi | ——2 | = —.
0 82% (24— 322 4+1) 32 64 64 32 8
Therefore,

/ 2™ cos?30d0 37
o bH—4cos20 8
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