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Exercise 1

Classify each of the partial differential equations below as either hyperbolic, parabolic, or elliptic,
determine the characteristics, and transform the equations to canonical form:

(a) 4uxx + 5uxy + uyy + ux + uy = 2

Solution

4uxx + 5uxy + uyy + ux + uy = 2

Comparing this equation with the general form of a second-order PDE,
Auxx +Buxy + Cuyy +Dux + Euy + Fu = G, we see that A = 4, B = 5, C = 1, D = 1, E = 1,
F = 0, and G = 2. The characteristic equations of this PDE are given by
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Note that the discriminant, B2 − 4AC = 25− 16 = 9, is greater than 0, which means that the
PDE is hyperbolic. Therefore, the solutions to the ordinary differential equations are two real
and distinct families of characteristic curves in the xy-plane.

y = x+ C1 or y =
1

4
x+ C2.

Solving for the constants of integration,

C1 = y − x = φ(x, y)

C2 = y − 1

4
x = ψ(x, y).

Now we make the change of variables, ξ = φ(x, y) = y − x and η = ψ(x, y) = y − 1
4x, so that the

PDE takes the simplest form. With these new variables the PDE becomes

A∗uξξ +B∗uξη + C∗uηη +D∗uξ + E∗uη + F ∗u = G∗,

where, using the chain rule, (see page 11 of the textbook for details)

A∗ = Aξ2x +Bξxξy + Cξ2y

B∗ = 2Aξxηx +B(ξxηy + ξyηx) + 2Cξyηy

C∗ = Aη2x +Bηxηy + Cη2y

D∗ = Aξxx +Bξxy + Cξyy +Dξx + Eξy

E∗ = Aηxx +Bηxy + Cηyy +Dηx + Eηy

F ∗ = F

G∗ = G.
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Plugging in the numbers and derivatives to these formulas, we find that A∗ = 0, B∗ = −9
4 ,

C∗ = 0, D∗ = 0, E∗ = 3
4 , F ∗ = 0, and G∗ = 2. Thus, the PDE simplifies to

−9

4
uξη +

3

4
uη = 2.

Solving for uξη gives

uξη =
1

3
uη −

8

9
.

This is the first canonical form of the hyperbolic PDE. If we make the additional change of
variables, α = ξ + η and β = ξ − η, then the chain rule gives uξη = uαα − uββ , uξ = uα + uβ, and
uη = uα − uβ. The PDE then becomes

uαα − uββ =
1

3
(uα − uβ)− 8

9
.

This is the second canonical form of the hyperbolic PDE.
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