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Exercise 1

Classify each of the partial differential equations below as either hyperbolic, parabolic, or elliptic,
determine the characteristics, and transform the equations to canonical form:

(a) AUgy + DUy + Uyy + Uz + Uy = 2

Solution

Mgy + DUgy + Uyy + Uy + Uy = 2

Comparing this equation with the general form of a second-order PDE,
Augy + Bugy + Cuyy + Dug + Euy + Fu =G, wesee that A=4, B=5,C=1,D=1,E=1,
F =0, and G = 2. The characteristic equations of this PDE are given by
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Note that the discriminant, B2 — 4AC = 25 — 16 = 9, is greater than 0, which means that the
PDE is hyperbolic. Therefore, the solutions to the ordinary differential equations are two real
and distinct families of characteristic curves in the xy-plane.

y=xz+C; or y= %:I:+C2.
Solving for the constants of integration,
Cr=y—z=d,y)
Co=y— ix =Y(z,y).

Now we make the change of variables, £ = ¢(z,y) =y —x and n = Y(z,y) =y — %az, so that the
PDE takes the simplest form. With these new variables the PDE becomes

A*u& + B*ugn + C’*u,m + D*u§ + E*uﬁ + F*u = G*,
where, using the chain rule, (see page 11 of the textbook for details)

A* = A& + B&E, + CE,

B* = 2A&m, + B(&ny + §yna) + 2CEyn,
C* = An2 + By + an

D* = A&z + By + C&yy + DEy + EEy
E* = Angy + Bngy + Cnyy + Dy + Eny
F*=F

G =G.

www.stemjock.com



Debnath Nonlinear PDEs 3e: Chapter 1 - Exercise 1 Page 2 of 2

Plugging in the numbers and derivatives to these formulas, we find that A* =0, B* = —%,
C*=0,D*=0, E* =3, F* =0, and G* = 2. Thus, the PDE simplifies to
3

9
—ZU@ + Zun = 2

Solving for ug, gives
1 8
Uen = 3Un = 4

This is the first canonical form of the hyperbolic PDE. If we make the additional change of
variables, a = { +n and 3 = { — 7, then the chain rule gives u¢, = uaq — ugg, e = uq + ug, and
Uy = Uq — ug. The PDE then becomes

1 8
Uaa — UBE = 5 (Ua —ug) — —.
3( ) 9

This is the second canonical form of the hyperbolic PDE.
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