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Problem 2.48

Consider a particle of mass m in the potential

00 x <0,
V(z) =4 —32h%/ma? 0<2z<a,
0 T > a.

(a) How many bound states are there?

(b) In the highest-energy bound state, what is the probability that the particle would be found
outside the well (x > a)? Answer: 0.542, so even though it is “bound” by the well, it is
more likely to be found outside than inside!

Solution
The governing equation for the wave function ¥(z,t) is the Schrodinger equation.

T
‘ ot 2m 0z

Split it up over the intervals where the given potential is finite and infinite.

oV h? %W ov h? 9*W
= ———— U(x,t <0, t > 0; h——=———— + V(2)¥(z,t >0,t>0
! ot 2m Oz + (OO) (.T, )7 z ’ ’ t ot 21 Ox2 + (‘T) (xv )7 x )
The only solution for the PDE over x < 0 is W(z,¢) = 0. Because the wave function is continuous,
U(0,t) = 0 becomes a boundary condition for the remaining PDE on = > 0.

+V(z,t)¥(z,t), —oco<z<o00,t>0

ov h2 520
h— — —— (.t .
BT 2m5$2+v($) (x,t), >0,t>0

Since information about the eigenstates and their corresponding energies is desired, the method of
separation of variables is opted for. This method works because Schrédinger’s equation and its
associated boundary conditions are linear and homogeneous. Assume a product solution of the
form W(x,t) = ¢¥(x)¢(t) and plug it into the PDE

0 K2 9?2
a[@b(fﬁ)ﬁb(m = "9 922

ih [(@)e(t)] + V(x)[v(x)d(t)]
2
ihap(2)¢'(t) = —%W(@Mﬂ + V(@)(2)e(t)
and the boundary conditions.
v(0,t) =0 — P(0)g(t) =0 — $(0) =
U(o0,t) =0 — P(00)e(t) =0 — h(o0) =
Divide both sides of the PDE by v(x)¢(t) in order to separate variables.

200 B @)

o(t)  2m Y(x)

+ V(x)
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The only way a function of ¢t can be equal to a function of x is if both are equal to a constant E.

IO )

o(t) — 2m (x)

As a result of using the method of separation of variables, the Schrédinger equation has reduced
to two ODEs, one in x and one in t.

V(z)=FE

won
o =P
R
) V@ = E

Values of E for which the boundary conditions are satisfied are called the eigenvalues (or
eigenenergies in this context), and the nontrivial solutions associated with them are called the
eigenfunctions (or eigenstates in this context). The ODE in x is known as the time-independent
Schrodinger equation (TISE) and can be written as

d? 2
="V ~Ely, x>0

Split it up over the intervals that V() is defined on.

PV _2m oy esa

d*p  2m (321 d*y
de?  h?

R S <z<a;
dx? 2 ma2+E>w’ 0szsa

Bound states have energy —32h%/(ma?) < E < 0, or 32h%/(ma?) + E > 0, as illustrated below.

P(x)
0 : : : — X

3242
2

me

The general solution for ¢ can be written as

() Chrcoslx + Cosinlx f0<z<a
€T =
C3e™ " + Cyel* ifx>a

where

—2mE 2m [ 32h?
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Apply the boundary condition at = 0 to determine one constant.

To satisfy the boundary condition at x = oo, set Cy = 0.

Cosinflz if0<z<a
Y(x) = e
Cse ifx>a

Use the fact that the wave function [and consequently 1(z)] must be continuous at = a to
determine another constant.

lim ¢(xz) = lim ¢(z): Cysinla = Cze "™ (1)

T—a~ z—a™t

Finally, integrate both sides of the TISE with respect to x from a — € to a + €, where € is a really
small positive number.

/a Y / T2 ) - Ble) da

. da? . 2
dap |+ a om [ 32k “+e om
2m [ 32h? ¢ 2m ate
- <_m2 _ E) (a) /H do + W(—E)w(a)/a do
2m [ 32h? 2m
=72 <—nmg - E) Y(a)e + ﬁ(‘EW(a)G
Take the limit as € — 0. N
awl”
dz |, N
It turns out that 0¥ /0x is also continuous at = = a.
coody L dy _
lim — = lim — : = — ra 2
Jm e = Jm Gy Cateosta=—Cone ®
Substitute equation (1) into equation (2).
Cylcosla = —Csyksinla
To avoid the trivial solution, assume that Cy # 0.
lcosla = —ksinfa
Multiply both sides by a.
lacot la = —kKa (3)

Note that

9 o  —2mE  2m (32h2 ) 2mE 64 2mE 64
K402 = == =— — =

2 T Uma2 2 a2 R2 T a2
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Multiply both sides by a? and then solve for xa.
k2a® + (%a® = 64

k2a® = 64 — (%a®
ka = \/ 64 — (202

As a result, equation (3) becomes

lacot ba = —+/64 — (2a?

64
a2

—cotla =

Plot the functions on both sides versus fa.

A4
10 +

fa

10

[

Since there are three intersections, there are three bound states. These intersections occur at
approximately

_28.1194h2

ma?

9 2R
la ~2.78590  — m (3207 p N ~278590 s By A
h2 \ ma?

2m [ 32h2 16.756812
la~ 552145 — \/"; < + EQ)a N55245 o By -

ma? ma

2 212 34052972

tam 795732 = (2 B anrosm o By 20020
h2 \ ma? ma2

For the highest energy,

—2mkEs;  0.825263 7.95732
~ and /=~ .
h a a

R =
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The eigenfunction associated with the highest energy is

Cysinflx if0<z<a
Y(x) = _ .
Cse ™™  ifx>a

B Cysinflx fo<z<a
| (Caeesinla)e™ " if x> a
B Cysinflx fo<z<a
| (Cysinfa)e "0 if g > q

Cgsinfgi# Hfo<z<a

Q

(Csin 7.95732) exp |—0.825263 (£ — 1 ifr>a
a

Cy is arbitrary and is chosen so that the integral of [¢)(x)]? over the half-line is 1.
1= [ WP da
0

@ 7.957322\ ° o0 2

- / ((JQSm ””) dz + / {(02 $in7.95732) exp [—0.825263 (3—1)}} dz
0 a a a

= 1.10587aC>3

Solve for Cs.

oy — 0.950930
T Va
Therefore, the eigenstate with the highest energy is
0.950930 :.. 7.95732a .
sin ifo<z<a
” ST <
) =4 o

0919857 exp [—0.825263 (£ — 1)] ifa > a

The probability that the particle is outside the well is 1 minus the probability that it’s inside the

well.
e ¢ 70.950930 7.95732x \ 2
1 _/ [(z)]* de =1 — / < sin x) dx
0 0 va a

~ 0.542
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