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Exercise 5

Use the Laplace transform to solve uy = c?ug, for 0 < x < 1, u(0,t) = u(l,t) = 0,
u(z,0) = sin(mz /1), and u(z,0) = —sin(wz/1).

Solution

Let the Laplace transform of a function u(x,t) be defined as
u(z, s) = L{u(z,t)} = / u(z,t)e " dt.
0

Applying the Laplace transform to both sides of the PDE gives

0%u 5 0%u
At Rt
2- ) &
s“u(x, s) — su(x,0) — u(z,0) = ¢ Wﬁ{u}

s%0 — ssin (E) - [— sin (@)} = chQ—a

l l dx?
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What we have is an inhomogeneous ordinary differential equation. The general solution is
therefore written as the sum of a complementary solution and a particular solution.

(1—1s) sinZ—z

U = Ue + Up
The complementary solution is obtained from solving the associated homogeneous differential
equation.
d*u, 2.
dz? 2T 0

s s
te(x,s) = Cy cosh Ex + Cy sinh Em

The constants, C1 and C5, are determined from the given boundary conditions of the problem.

L{u(0,8)} = @(0,s) = £{0} = 0
L{u(l,t)} =u(l,s) = L{0} =0

’L_LC(O,S):C1:O — 01:0
Ge(l,8) = Cysinh 21 = 0 —  Oy=0
c
e =0
Because the right-hand side of the inhomogeneous differential equation is in terms of sin 77, we

can use the method of undetermined coefficients to find u,. We assume that

u, = Acos T + Bsin TF, and we plug this into the equation to determine the coefficients.

2 2 2 2
1
—%ACOS? — %Bsinﬂlj — %Acos? — Z—zBsinﬁl—x = 6—2(1 —5) sin?
2 2 2 2
1
(—7;214 - ;A) cosTx + <_7ZT23 - ;B) sinmz = 6—2(1 —35) sinﬂl—x
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Matching coefficients on the left and right sides gives

2 2
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2 52 1 12
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_ l . T
Up = T (s —1)sin .

And the solution to the inhomogeneous differential equation is

_ 1 . 7T
U(ZE, -S’) = m(s — 1) [S184 T
All that’s left to do now is to take the inverse Laplace transform to find u(x,t).

u(z,t) = L Ha(z,s)}

P 12 .m
U(l‘,t) = L m(s— 1) S1n 71’

u(z,t) = sinﬂTaﬁﬁ_l {1(:%2(8 — 1)}

82 + 12

Therefore,

1 crt et . Tx
u(z,t) = — | emcos - [ sin - sin R
cm

We can check to see whether this is the correct solution. Take derivatives of u with respect to «
and t.

1( emt . c7rt> . T
Uy = —— | lcos — + emrsin — | sin —

l l l l
U _— —c cos@—klsinc—m sinE
=\ T ! I
1 crt . cmt T
Uy = — | ecmcos — — Isin — | cos
cl l l l
U - —cwoc—m—l—linc—ﬂ inﬂ—x
= COST TSI T s

Ugt = C*Ugg, SO this is indeed the correct solution. By inspection we see that plugging x = 0 and
x =l into u(x,t) gives u = 0. Also, plugging ¢ = 0 into u(z,t) and u; gives v = sin(wz/l) and
uy = —sin(mz /1), respectively, so the initial and boundary conditions are satisfied.

www.stemjock.com



