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Exercise 8

Consider the diffusion equation on (0,/) with the Robin boundary conditions

Uz (0,t) — apu(0,t) = 0 and uy(l,t) + aju(l,t) = 0. If ap > 0 and a; > 0, use the energy method to
show that the endpoints contribute to the decrease of fol u?(x,t) dr. (This is interpreted to mean
that part of the “energy” is lost at the boundary, so we call the boundary conditions “radiating”
or “dissipative.”)

Solution

The boundary conditions are

uz(0,t) —aou(0,t) =0 —  ugy(0,t) = apu(0,t)
up(l,t) +au(l,t) =0 —  uz(l,t) = —au(l,t).
Begin by writing the diffusion equation.
up = kg,

Multiply both sides by u.
Uy = KUllgy

Rewrite both sides as follows. )

S () = Kl(uu), — o]

Now integrate both sides over the length of the rod.

/Ol %(uQ)t dx = /Dl k[(ug)y — ul) dz

1 la ) l l )
2/0 &(u)dx:k:[/o (uxu)xdac—/o uxdx]

1d l l
—— [ Wrdz =k umu\é — / u? dx

1d [
2dt )y
Now multiply both sides by 2 and substitute the boundary conditions.

wtde =k [uw(l,t)u(l,t) — u,(0,t)u(0,t) — /Ol u? dx}

A2 e — ok {—az[uu,wﬁ — aolu(0, 1))* / E dx}

Because ag and a; are positive, all terms on the right-hand side are negative. Therefore, the
endpoints contribute to the decrease of
!
/ u? dx,
0

and it is a strictly decreasing function of .
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