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Exercise 9

Let u(t) =
´ t
0 S (t− s)f(s) ds. Using only Exercise 8, show that u solves the inhomogeneous wave

equation with zero initial data.

Solution

We have the following results from Exercise 8.

Stt − c2Sxx = 0, S (0) = 0, St(0) = I

Differentiate u with respect to t using the Leibnitz rule.

∂u

∂t
=

∂

∂t

ˆ t

0
S (t− s)f(s) ds

=

ˆ t

0

∂

∂t
S (t− s)f(s) ds+ S (0)f(t) · 1− S (t)f(0) · 0

=

ˆ t

0
St(t− s)f(s) ds+ S (0)f(t)

=

ˆ t

0
St(t− s)f(s) ds+ (0)f(t)

=

ˆ t

0
St(t− s)f(s) ds

Differentiate u with respect to t once more.

∂2u

∂t2
=

∂

∂t

ˆ t

0
St(t− s)f(s) ds

=

ˆ t

0

∂

∂t
St(t− s)f(s) ds+ St(0)f(t) · 1− S (t)f(0) · 0

=

ˆ t

0
Stt(t− s)f(s) ds+ St(0)f(t)

=

ˆ t

0
Stt(t− s)f(s) ds+ (I)f(t)

=

ˆ t

0
Stt(t− s)f(s) ds+ f(t)

=

ˆ t

0
c2Sxx(t− s)f(s) ds+ f(t)

= c2
∂2

∂x2

ˆ t

0
S (t− s)f(s) ds+ f(t)

= c2
∂2u

∂x2
+ f(t)

u(0) =

ˆ 0

0
S (−s)f(s) ds = 0

∂u

∂t

∣∣∣∣
t=0

=

ˆ 0

0
St(−s)f(s) ds = 0

Therefore, u solves the inhomogeneous wave equation with zero initial data.
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