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Exercise 18

(a) Find the Green’s function for the octant & = {(z,y,2) : * >0, y >0, z > 0}. (Hint: Use
the method of reflection.)

(b) Use your answer in part (a) to solve the Dirichlet problem

Upg + Uyy + Uz, =0 in O
u(0,y,2) =0, u(z,0,2) =0, wu(x,y,0)=h(z,y) forz>0, y>0, z>0.

Solution

The Poisson equation will be solved in the octant & with three prescribed boundary conditions on
the yz-, xz-, and xy-faces.

Au = a(z,y, 2), z>0,y>0,2>0
u(0,y,2) = b(y, 2)
u(z,0,2) = c(z, 2)
w(z,y,0) = h(z,y)

A Green’s function representation for the solution can be obtained from Green’s second identity,
/// (uAv — vAu)dV = // (ug:;— (971) dS.
bdy 0
Let v = G = G(z,v, z; 0, Yo, 20) be the Green’s function.
8u
(uAG — GAu)dV = u— — dsS
on an
bdy &
If we require it to satisfy

AG = §(x — 20)0(y — y0)d(z — 20), x>0,y>0,2>0
G =0 onbdy 0,

where (0, Yo, 20) is a point in the octant ¢, then the identity becomes

///[u(x,y,z)5(x —20)0(y — 10)0(2 — 20) — G(x,y, 2; 20, Yo, 20)a(z, y, 2)] dV = // ( gz> ds.
o

bdy &

The normal derivative of G can be written as 0G/On = VG - i, where 11 is the outward unit
vector normal to the boundary.

/// u(x,y,2)0(x — x0)0(y — y0)d(z — z9) dV — // G(x,y, z; 20, Y0, 20)a(x,y, z) dV = // uVG -ndS

bdy 0
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z
PRI n=-Xx
-— e
u(x, 0, z) = c(x, z) u(0, y, z) = b(y, 2)
< — V

‘ H(x) y: 0) = h(xa }’)

S H

= -

Since (g, Yo, 20) lies in the octant &, the integral on the left involving the delta functions is u(xo, Yo, 20). Also, integrating over the
boundary results in three integrals, one over each of the yz-, zz-, and xy-faces.

u(xo,yo,zo)—/ / / G(x,y, 220, Y0, 20)a(x,y, 2) de dy dz
o Jo Jo

= /000 /OOO u(0,y,2)VG - (—X)

dydz + / / u(x,0,2)VG - (—-¥)
x=0 0 0

dx dy
z=0

dxdz—l—/ / u(x,y,0)VG - (—2)
y:() 0 0

= b(y,z) [ ——— d dz+/ / c(x, z (—) dxdz+/ / h(x, <—) dx d
[ v (5| e [T e (5] [T hew (<52)| deas

=— by, z) — dydz—/ / c(x,z)— dmdz—/ / h(z,y)— dx dy

/0 /0 ( )893 =0 o Jo ( )89 y=0 o Jo ( )82 2=0
Solve this equation for wu.
U(.ﬁUQ,yO,ZQ) = G(w,y,z;xo,yo,zo)a(x,y,z) dxdydz - b(yvz)ai dde
o Jo Jo o Jo L=
— c(x,z)— dxdz — h(z,y)— dx dy
/o /0 ( )311 y=0 o Jo ( )az 2=0
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Switch the roles of xg, yo, and zg with those of x, y, and z, respectively.

u(z,y,z / / / G(z0, Yo, 20; T, Y, 2)a(zo, Yo, 20) dxo dyo dzo —/ / yo,zo dyo dzo
(o, 20) drodzo — / / h(zo, yo)f dxo dyo
/ / ayo Jo=0 o Jo 920 | o
Therefore, using the fact that the Green’s function is symmetric,
u(x,y,z) = / / / G(%?JaZ;xoayo,Zo)a(fCanO,ZO) dxo dyO dZ()
o Jo Jo
- / / b(yo, ZO)T dyo dzo — / / c(zo, 20)87 dxo dzo
0 0 20=0 0 0 Y0 lyy=0
—/ / h(iﬁoayo)ai dzo dyo.
o Jo 20=0

The solution for Poisson’s equation is known, then, if the Green’s function in the octant can be
determined. Begin by finding the Green’s function in infinite space (no boundaries).

Ag = (x —20)0(y — Y0)0(z — 20), —00 < &,Y,2 < 00

g can be interpreted as the electrostatic potential, and d(x — x¢)0(y — yo)d(z — zo) can be
interpreted as the charge density for a unit charge located at (zg, yo, 20). Since there are no
boundaries, g is expected to vary solely as a function of the radial distance from (z, yo, 20):
g =g(2), where 2 = \/(x — x0)% + (y — yo)2 + (2 — 20)2. Integrate both sides over a solid ball
centered at (xg, Yo, z0) with radius 2.

/// AgdV = /// 6(z —20)d(y — y0)d(z — 20) dV

(z—0)* + (y—y0)* (z—20) + (y—y0)?
+ (2—20)2 <22 + (z— Zo)2<z2

Since the ball contains (z9, o, 20), the right side is 1. Write the Laplacian operator A as V?

/// V2gdv =1

(2—20)* + (y—v0)*
+(2—20)? <22

/// V.VgdV =1

(z— 330 (y— yo
+ (z— z0)2<z2

// Vg-2dS =1

(x—20)? + (y—y0)?
+ (2z—20)%2 =22

and apply the divergence theorem.

Here # is the unit vector normal to this ball at every point on the boundary.

//
d@
($ $0)2 y yO

+(2—20)2 =22
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Because g only depends on ¢, its derivative is constant on the ball’s boundary.

dg B
B s

(z—20)% + (y—y0)*
+ (2—20)% =22

This surface integral is just the ball’s surface area.

dg

—(4me?) =1
dz( )
Divide both sides by 4722.
dg 1
de  4me?
Integrate both sides with respect to 2.
1
2) = ——
9(8) = ——

The infinite-space Green’s function is then
1
dm/(w = 20)% + (y —y0)? + (2 — 20)%

Now that it’s known, the Green’s function for the octant can be determined by the method of
images. A convocation of point charges in space will be arranged so that the boundary condition,
G =0 on bdy 0, is satisfied. For a positive unit charge located at (z9, yo, 20), alternating negative
and positive unit charges should be placed in each octant at the reflection of (xo, yo, 20). This
way, the potential due to each positive charge is cancelled by that due to a negative charge at
every point on the boundary.

g(xvya 2520, Yo, ZO) =

(—=x0, =0, z0) (& -) (=xg. 0, 20)

- (JL"O, =)0, ZO) + ‘0> Y05 ZO)

J;
(_x05 _J’,O) _ZO)

_ +) (=x0, ¥0, —20)
X

(an =)0 _ZO)

(x0, Y0, —20)

The octant Green’s function can now be written.

G(z,y, 2170, Yo, 20) = +9(2,Y, 25 To, Yo, 20) — 9(2, Y, 23 —T0, Yo, 20) — 9(T, Y, 23 To, Yo, —20)
+ g(]?, Y,z —Z0, Yo, _ZO) - g($7 Y, z2;Z0, —Y0, ZO) + g(.’E, Y,z —To, —Yo, ZO)
—|—g(x,y,z;x0, —Yo, _ZO) - g(ar,y,z; —Z0, —Yo, _20)7 x > 07 Yy > 07 z> 0
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Since g is defined over infinite space, it’s important to note the restriction to x > 0, y > 0, z > 0 for G.

G(Z',y, 2520, Yo, Z()) = -

Calculate 0G0z

g

1 1
4/ (@ —20)% + (y — yo)2 + (2 — 20)? * drm/(@ +20)2 + (y — yo)2 + (2 — 20)2
1 1
am/lo—20) + (Y — W02+ (2 + 202 4my/(+20)2+ (y — 90)? + (2 + 20)°
1 1
' 4my/(@ — 202 + (Y + 90)° + (2 —20)°  dm\/(z + 20)2 + (y + Y0)2 T (2 — 20)2
1 1

_l’_

amy/w— 202+ (Y + %)+ (2 + 20)? +4”\/(SU+330)2+(y+yo)2+(z+20)2

2(x 4 x0) (—%)

dxo A

and evaluate it at xy = 0.

oG
8$0

—2(z — z0) (—3) 2( + o) (—3)

)

(- — 222 " dnf(@ T+ 20 + (- 90)° + (= — 20)2P 2

( _

2 2132 (x4 20)2 + (y — yo)? + (2 + 20)2]3/

20
N 2z —20) () . 2a +20) (-3)
Arl(z — w0)% + (y +y0)2 + (2 — 20)2*/2  4r[(z 4 20)? + (y + y0)? + (2 — 20)?]>/2
B —2(z — x0) (—3) n 2(z + 20) (—3)
drf(z — 20)? + (y + y0)? + (2 + 20)23/2  Ax[(z + 20)2 + (v + y0)? + (2 + 20)%]3/2

x X

20=0 B _47[352 + (y —0)? + (z — 20)?]3/? - arla? + (y — yo)? + (z — 20)?]3/2
X

x

+ +
drx? + (y — yo)2 + (2 + 20)213/2  Ax[z? 4+ (y — yo)? + (2 + 20)?]3/2
X X
+ +
4z + (y +90)2 + (2 — 20)23/2  dw[a? + (y +y0)2 + (2 — 20)2]3/2
x x

e+ (o) + (24 202P2 Anfa® + (y+ y0)? + (2 + 20)2]P/2
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Simplify the right side.

oG
a.%()

€T 1 1
=—— +
20=0 27 { [22 + (y —90)? + (2 — 20)22 224 (y +y0)? + (2 + 20)2]3/2

1 1
2 (- 90)2 + (2 + 20232 224 (y+ o) + (2 — 20) 232 }
Calculate 0G/0yq

G —2(y — o) (=3) N —2(y — o) (=3)
Yo Arf(x —20)2 + (y — 90)? + (2 — 20)%/2  dm[(2 + 20)? + (y — y0)? + (2 — 20)?]3/2
N —2(y — o) (—3) - —2(y — o) (—3)
Ar((z = 20)? + (y —y0)2 + (2 + 20)2>2  4x[(z 4 20)? + (y — y0)? + (2 + 20)?]>/2
N 2(y +w0) (—3 B 2(y +w0) (—3)
drf(z —20)2 + (Y +v0)2 + (2 — 20)2]3/2  Ar[(z +20)2 + (y + v0)2 + (2 — 20)2]3/2
2(y + o) (—3) 2(y + o) (—3)

+
Arf(z = 20)* + (y + 90)* + (2 + 20)°P2  4n(@ +20)* + (y +y0)* + (2 + 20)*/?
and evaluate it at yg = 0.

oG Y Y

— = -
90 |yo—0 drf(z —20)2 + 42 + (2 — 20)2]3/2  An[(x + 20)2 + 32 + (2 — 20)?]3/2

n y B y

drf(z — 20)2 +y2 + (2 + 20)2]3/2  dn[(x + 20)2 + y2 + (2 + 20)?]3/2

y y

Arl(z — 0)? + y% + (2 — 20)?]3/2 * 4r((z + 20)? + y% + (2 — 20)?]3/?
y y
+ —

An((z —20)2 + 2 + (2 +20)%%2  drl(z +20)? +y? + (2 + 20) 4>/
y { 1 n 1
2 \[(z —20)? + 9% + (2 — 20)21¥% * [(x +20)? +y? + (2 + 20)2*/2

1 1
@ =202+ 2+ (2 +20)P2 (@ +m0)? + 92 + (2 — 20)P/ }
Calculate 9G/dz

oG 20z~ 20) (-}) - 2z = 20) (-3)
0z0  4r[(x —20)? +(y Y0)? + (2 — 20)23/2  dx[(z + 0)? +(y Y0)? + (2 — 20)?]3/2
N 2(2 + ) (~3) _ 2(2+ 20) (—3)
Arf(z —0)? + (y — y0)? + (2 + 20)2]¥2  dr[(z + 20)2 + (y — y0)? + (2 + 20)?]3/2
. 2~ 20) (-1) i 2 20) (-1)
Arf(z — w0)2 + (Y +y0)2 + (2 — 20)4%/2  4x[(z + 20)? + (y + y0)? + (2 — 20)?]>/2
2(z + 20) (—3) 2(z + 20) (—3)

drf(x — 20)2 + (y + y0)? + (2 + 20)2]3/2 + dr((z + 20)2 + (y +y0)2 + (2 + 20)2]3/2

www.stemjock.com



Strauss PDEs 2e: Section 7.4 - Exercise 18 Page 7 of 7

and evaluate it at zp = 0.

oG z z

— == +
0201 0=0  Anl(@—20)% + (y — o) + 222 dr[(x +20)* + (y — y0)? + 2°]¥/2
z z

- +
Amf(z = 20)* + (y — 9o)* + 2P dn[(z +20)? + (y — y0)? + 223/
z z

+ —
drc[(r —20)2 + (y +90)2 + 2232 dr[(x + 20)% + (y + v0)2? + 22]3/2
z z
+ —
drl(x — 20)2 + (y +90)2 + 2232 An[(x + x0)2 + (y + v0)? + 22]3/2
_z{ 1 N 1
21 [(x —x0)? + (y —w0)? + 22132 [(@ + 20)% + (y + yo)? + 22]3/2

1 1
(Ce PR e Ry e e o

If a = b= c =0, then the solution reduces to

U(ZE,y,Z) = _/0 /0 h(x(]’y(])aiz()

z 0 [0 1 1
:%/o /o o, vo) {[($—$0)2+(y—y0)2+22]3/2+[($+$0)2+(y+y0)2+22]3/2

1 1
- - dxo dyo.
[(z —20)? + (y +50)* + 2212 [(z+20)* + (y —%0)* + 22]3/2} o

dxo dyo

20=0
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