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Exercise 2

Verify that (c*t?> — 22 — 3% — 22)~! satisfies the wave equation except on the light cone.

Solution
The three-dimensional wave equation is

Upp = 02(um + Uyy + Uzz).

Find all the second derivatives of u(z,y, z,t) = (c*t> — 2% — 3% — 2%)7L.

ug = — (22 — 22—y — 2%)72(2c%)

U = 2(C2t2 _ 1'2 _ y2 _ 22)_3(2C2t)2 _ (C2t2 _ .%'2 _ y2 _ 22)_2(262)

_ 8ctt? 2c?
T (22— — 2 =223 (22— a2 —y? — 22)2
_8ctt? — 263 — 2 — y? — 2P)
- (22 — 22 — 2 — 22)3
6ctt? + 2¢% (2% + y? + 2%)
(22 — 22 — y2 — 22)3

Uy = — (P12 — 22 —y? — 22)73(—22)

Upy = 2(C2t2 _ ZL‘2 _ yQ _ 22)_3(—2113)2 _ (CQtQ _ $2 _ y2 _ 22)—2(_2)

82 2
= (22 — 22 — 2 — 22)3 + (22 — 22 — 2 — 22)2
822 4 2(c*t? — 2% —y? — 2?)
- (22 — 22 — 2 — 22)3
622 + 2(c*t? — y? — 2?)
(212 — 22 — y2 — 22)3

u, = _(CQtQ o .1‘2 _ y2 _ Z2)—2(_2y)

Uyy = 2(02152 — a2y - 22)_3(723/)2 — (62152 —x? -y - 22)_2(*2)

_ 8y 2
T (22— a2 — 2 — 22)3 - (22 — 22 — 42 — 22)2
8y +2(AtE —a? —y? — 27
T (P2 — 22—y — 22)3
6y? + 2(c*t? — 2% — 22)
T (2 — g2 — 2 — 22)3

u, = —(At? — 2% —y? — 2372 (—22)

Uy, = 2(62t2 - 1:2 . y2 o 22)73(_22)2 o (62t2 - 582 o y2 o 2’2)72(—2)

822 2
- (22 — 22 — 42 — 22)3 T (22 — 22 — y2 — 22)2
822 +2(c*t? — 22 — y? — 2?%)
T (2 22—y — 22)3
622 +2(c*t? — 2% — y?)
T (2 a2 2 — 23
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Substitute these formulas into the wave equation to check whether u(x,y, z,t) is indeed a solution.
_ 22)

622 + 2(c*? — 2% — yg)}

(22 — 22 — y2 — 22)3

6y? + 2(c*t? — 22
— yz)}

?

6cit? + 22 (2% 4 42 + 22)

(622 + 2(c?t? — 52

2 (622 + 2(c*t? — y? — 22)
(P12 — 22 — y2 — 22)3

(212 — 22 — y2 — 22)3
22) 4+ 6y® + 2(*t? — 2% — 22) + 622 + 2(c*t? — 22

(C2t2 — 2 y2 _ Z2)3

(22 — 22 — 42 — 22)3

?

(222 + 2y% + 222 + 6c%t2

?
02

(22— g2 — g2 — 223
6ctt? + 2% (2 + y? + 22)

Therefore, u(x,y, z,t) = (c*t?
AP =a? +y? 4 22
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(22 — 22 — y2 — 22)3
— 22 — 9% — 2?)7! satisfies the wave equation except when



