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Problem 2.6

The ratio k/m of a spring-mass system is given as 4.0. If the mass is deflected 2 cm down,
measured from its equilibrium position, and given an upward velocity of 8 cm/s, determine its
amplitude and maximum acceleration.

Solution

The figure below illustrates the spring-mass system, the free-body diagram at equilibrium, and
the free-body diagram at nonequilibrium.

LLLLL L e

k&
Unstretched

-.whsireiched I k(D +x)
position Y-

o ___%___ static equitibrium
f position

P

The equation of motion for the spring-mass system is obtained by using Newton’s second law
twice, once at equilibrium and once at nonequilibrium.
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Take the positive x direction to be downward as indicated in the figure.
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The differential equation to solve for the motion of the spring-mass system is thus
T = —4x.
Its general solution can be written as
x(t) = Acos(2t + ¢),

where A and ¢ are the amplitude and phase of the motion, respectively. Apply the initial
conditions,
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in order to obtain a system of equations for them.

x(0) = Acos¢ = 0.02
#(0) = 2Asing = —0.08 — Asing = —0.04

Square both sides of each equation and add them together to solve for A.

A? cos? ¢ + A%sin® ¢ = 0.02% 4 (—0.04)?

A% =0.002
A =+/0.002
~ 0.0447

Divide both sides of equation (2) by those of equation (1) to solve for ¢.

Asing  —0.04
Acos ¢ = 70.02
tang = —2
¢ = tan1(—2)
= —tan 12
~—1.11

Thus, the position of the mass (in meters) is

z(t) = v/0.002 cos(2t — tan~' 2)
~ 0.0447 cos(2t — 1.11).

Take a derivative of z(t) to find the velocity (in meters/second).

i(t) = —2v/0.002sin(2t — tan~! 2)
~ —0.0894sin(2t — 1.11)

Take a derivative of Z(t) to find the acceleration (in meters/second?).

i(t) = —4v/0.002 cos(2t — tan~! 2)
~ —0.179 cos(2t — 1.11)

Therefore, the amplitude of the motion is about 0.0447 meters, and the maximum acceleration is

about 0.179 meters/second?.
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