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Problem 1.31
Solve the following differential equations:

(r) a?y" +xy —y =32% [y(1) = y(2) = 1];

Solution

This is an inhomogeneous ODE, so the general solution is the sum of the complementary solution
Y and the particular solution y,,.

y(r) =y +yp

We'll start by finding ., which is the solution to the associated homogeneous equation.

2y +xyl —ye =0

This ODE is equidimensional since the change in scale + — ax leaves the equation unchanged.
Thus, the solution is of the form y. = z”. Our task now is to plug this expression into the ODE to
determine the values of r for which it holds.

ye=1a" — y=ra" ! = Y =r@r—1)z"?
Substituting these expressions into the ODE yields
r(r—1)z" +ra” — 2" = 0.
Divide both sides by 2" to obtain the indicial equation.
rr—1)4+r—1=0

r cancels out.
r?—1=0

Factor the left side.
(r—=1(r+1)=0

Thus, r =1 or r = —1. We can now write the solution for the associated homogeneous equation.
Ye(z) = Chat + Cox™!

Our next goal is to determine the particular solution y,. To do this, we will use the method of
variation of parameters. That is, we will assume g, has the form

Yp = u1(z)z + ug(z)z ",

where w1 and uo satisfy
/ —1 7 _
U+ uy =0
32

!/ _1 72/:7:3.
uy + (=)™ 7w, 2
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Solve this system of equations for u} and uf using Cramer’s rule.

‘O x 1
-2 3
;o 3 —T l . 3
= x x| =2 2
xT
1 —x2
x 0
1 3 3z 3
! _ 2
uz_x ! _j__ix
xT
1 —z2

Now that we know «) and u), we can determine u; and uy by integration. We’re not concerned
with the integration constants.

3
ui(x) = 2%
1
ug(x) = —§x3
Hence, the particular solution is
39 1, 2
yp = ix — ix =T

Therefore, the general solution is
y(z) = Crz + Cox ™ + 22,

We can now determine the two arbitrary constants, C; and Cs, by applying the provided
boundary conditions, y(1) = 1 and y(2) = 1. The result is the following system of equations.

y(1)201+02+1:1

C
y(2):26’1+?2+4:1

Solving the system gives us C1 = —2 and Cy = 2. Therefore,

2
y(r) = =2z + = + 2%
x

www.stemjock.com



Bender & Orszag Mathematical Methods: Chapter 1 - Problem 1.31r Page 3 of 3

.}’

40

=20

Figure 1: Plot of the solution for —5 < = < 5.
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