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Problem 18

In each of Problems 1 through 32, solve the given differential equation. If an initial condition is
given, also find the solution that satisfies it.
dy

2
>d Q= e % —2x —
o T2y =e o y(0)=3

Solution

Method Using an Integrating Factor I

This is a first-order linear inhomogeneous ODE;, so it can be solved by multiplying both sides by

an integrating factor I.
X
I =exp (/ 2d3) =

621’@ + 2€2$y — e—x2_2a;62:c
dx

The left side can be written as d/dx(Iy) by the chain rule.

Proceed with the multiplication.

d , o, a2
%(62 y)=e

Integrate both sides with respect to z.
z 2
ezxy:/ e ds+C

Because C is arbitrary, the lower limit of integration is as well. C' will be adjusted to account for
whatever choice we make when we apply the boundary condition.

€T
ey :/ e ds+C
0

y(z) = e 2" ( /0 e ds 4 c)

Apply the boundary condition y(0) = 3 to determine C.

Divide both sides by e?*.

0
y(O):1</ 6_52d5+0):3 —» C=3
0

Therefore,
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Method Using an Integrating Factor II

df:y + 2y —_ 67x272:1:
dx

Write the ODE as M(z,y) + N(z,y)y’ = 0.

dy
dzx

(2y — e—:c2—2x) -0

This ODE is not exact at the moment because

B,
dy

—z2-2z _ g _
—(2y —e 2 )_27&836(1)_0.

To solve it, we seek an integrating factor u = p(z,y) such that when both sides are multiplied by

it, the ODE becomes exact.

dy
2y — xr“—2x —Z =0
(2y —e i+
Since the ODE is exact now,
0 2 0
—1(2 —x°—2x _ 7
ay[( y—e il = 5 (1)
Expand both sides.
a2 0.\ O OU
2 2 _ 1‘2 2z -7 _ 7
pt(2y —e ) 9y ~ oz
Assume that p is only dependent on x: = p(z).
dp
2 = —
=i
Solve this ODE by separating variables.
d
W _y dx
1
Integrate both sides.
lnp=2x+C
Exponentiate both sides.
o= 62x+C1
_ 6233601
Taking e“! to be 1, an integrating factor is
©= 62x‘
Multiply both sides of equation (1) by e?*.
dy
2 2,  _—a? 20 9 0
(2e**y—e ) +e o
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Because it’s exact now, there exists a potential function ¢ = ¥ (z,y) that satisfies

8¢ o 2r B 7272
w2y e (3)
a¢ _ 2z

Integrate both sides of equation (4) partially with respect to y to get .
b(z,y) =y + f(z)
Here f(x) is an arbitrary function of z. Differentiate both sides with respect to x.
bo(,y) = 2%y + f'()

Comparing this to equation (3), we see that

fllx)=—e" —  f(z)=- /Om e~ ds.

Consequently, a potential function is

P(z,y) = Xy — / e~ ds.
0
Notice that by substituting equations (3) and (4), equation (2) can be written as
oy O dy
oz oy oy dr (5)
Recall that the differential of ¢ (z,y) is defined as

w—wd+£d

Dividing both sides by dz, we obtain the fundamental relationship between the total derivative of

1 and its partial derivatives.
Ay _ 0y dpdy

dr ~ 0z ' Odydx

With it, equation (5) becomes
dip

=0.
dzx

Integrate both sides with respect to z.
w(% y) = C'2

The general solution is then

x
ey — / e ds = Cs,
0

y(z) = (/x_gd&+09.

Apply the boundary condition y(0) =

=

y(z) =e > (/ e ds + 3) :
0

or solving for y explicitly,

3 to determine C5.

0
/ Sd8—|-02>:3 — (Cy=3
0

Therefore,
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: 2
y(x) = e_zx(fTe_S ds+3
0

)

-10

10t

10

This figure illustrates the solution to the ODE in the zy-plane that passes through the point (0, 3).
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