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Problem 22
(a) If ar? + br + ¢ = 0 has equal roots 1, show that
Lie™] = a(e™)" + b(e") + ce™ = a(r —ry)%e™. (i)

Since the right side of Eq. (i) is zero when r = rq, it follows that exp(r;t) is a solution of
Lly] = ay” + by’ + cy = 0.

(b) Differentiate Eq. (i) with respect to r, and interchange differentiation with respect to r and
with respect to ¢, thus showing that

0 0
gL[e”] =L [are”] = Lte"] = ate™ (r —r1)? + 2ae" (r — r1). (ii)
Since the right side of Eq. (ii) is zero when r = ry, conclude that ¢exp(rit) is also a solution
of L[y] = 0.
Solution
Part (a)
L[ert] — a(ert)l/ + b(ert)/ + Cert
= a(r?e™) + b(re") + ce™
= ar?e" + bre" + ce"t
= (ar? + br + c)e"
Because 7 is a root of ar? +br +¢ =0, ar% 4+bri4+c=0,0rc= —ar% — bry.

(ar + br — arl — bry)e™

)
[a(r — rl) +b(r —ry)]e"
= la(r —r))(r +r1) +b(r —r)le™
= la(r +r1) +0)(r —r)e"™

=a <7’+T1 + b> (r—ry)e™
a

Since ar? + br + ¢ = 0 has equal roots 71,

bV —dac b

= —— = —_ = —2
2a 2a o "
Therefore,
Lle"] = a(r +ry —2r)(r —r1)e"
=a(r—r))(r—r)e"
= a(r —r)2e".
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Part (b)
Differentiate all sides of Eq. (i) with respect to r.

0 rt] __ 0 82 rt 0 rt rt| __ 0 2 rt
5 L = 5o |agp(e) +b5.(e") + e | = oha(r —m)%e

Distribute the derivative operator and bring the constants in front.

0 rt] __ 0 82 Tt 0 0 rt 0 rt __ 0 2 rt
EL[e ]—aaw(e )+b5§(e )+c§e —GE(T—H) e

The order of differentiation can be interchanged by Clairaut’s theorem.

0 0% 0 0 0 0
iy L N N 7 ~ Y oort ot 2 2 rt
o) = g g () b g () Fegpet = agpr e
Evaluate the derivatives.
0 0? 0
EL[@”] = a@(tert) + ba(te”) +cte™ = al2(r — r1)e™t + t(r —r1)2%e™
;L[e”] = a(te™)" 4+ b(te™) + cte™ = 2a(r —r1)e" + at(r —ry)%e"
-
Therefore,
;L[e”] = Lte"] = 2a(r —r1)e"™ + at(r —ri)%e™.
-
Setting 7 = r1 in this equation results in
L[te™] = 0.
Setting r = 1 in Eq. (i) results in
L™ = 0.

So both y = €™ and y = te™! are solutions to the ODE L[y] = 0.
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