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Problem 44

Euler Equations. In each of Problems 40 through 45, use the substitution introduced in
Problem 34 in Section 3.3 to solve the given differential equation.

4ty — 8ty' + 9y = 0, t>0

Solution

The Hard Way

Make the substitution z = Int in the ODE. Then
=t — =t

and the ODE becomes

dy

&2
Y _gem Oy =0,

dt? d
The aim now is to find what the derivatives are in terms of this new variable by using the chain

rule.
dy_dyds _dy (1) _dy (1Y _ .y
dt — dxdt dax T dz \e*) dx
Py _d (@) _ded (dy\ L[y Y Ly Ly
dt2 — dt \dt )  dt da de ) t dx de? ) e dx dx?
Substitute these expressions into the ODE.
1 L dy L d%y _,dy
4% — —8¢"[e™==) +9y=0
c e$< dac+ dx2> ° <€ a ) T

LAy L d%y dy
e” - SI) -8 yoy=0
¢ ( radl d:c2> Y

42"

dy d?y dy
4— — 8* 9y =0
d + dx? dx +
d?y dy
4—= 12— 4+9y =0 1
dx? dx Iy (1)

As a result of making the substitution x = Int, the coefficients of the derivatives are now
constant. The solution is then of the form y = e"*

d d?
y=¢€e% = d—y:rem — d—z:T%
x T

Substitute these expressions into the ODE.
4(r2e™®) — 12(re") 4+ 9(e™) = 0

Divide both sides by e"™*
4 —12r+9=0

(2r—3)2=0
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-f)

3x/2

Consequently, one solution to the ODE is y = e°*/2. Use the method of reduction of order here to

find the general solution: Plug y(x) = ¢(z)e3*/? into equation (1).
4i2[c(x)e3f/2] - 1zi[c(x)e3z/2] +9[e(z)e® /2] =0
da? dx

Evaluate the derivatives using the product rule.
d 3 3
4@ [c’(:n)ei)’””/2 + 26(:E)€3$/2:| —12 |:C/(ZL‘)€3$/2 + 26(1’)63m/2:| +9[e(z)e/?] =0

4 [c"(:n)e?’z/Q + gc'(m)e%/2 + gc’(x)e?’:’:/2 + Zc(x)e&”/ﬂ —12 |:C,(CE)63$/2 + Zc(m)egz/Q] +9[c(x)e3‘”/2] =0

4" (2)e*/? + 6k + 6 arye? + ettt l2 — 124 ye™ T — TBetmyetl? + 9cmyell2 = 0
4" (x)e3*/? = 0

Divide both sides by 4¢3%/2.
d"(z) =0

Integrate both sides with respect to x.
d(xz)=0C4

Integrate both sides with respect to x once more.
c(x) = Cix + Oy
Since y(z) = ¢(x)e’*/2, the general solution is
y(z) = Crae®/? 4 Coe®/?,
Finally, change back to the original variable with the initial substitution z = Int.

y(t) = C1(Int)e3D/2 4 Cye3nt)/2
= Ci(In t)elnt3/2 + Cgelnt3/2
= O1832 Int + Cot3/?
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The Easy Way

4ty — 8ty' + 9y = 0, t>0
Since this is an Euler (or equidimensional) equation, the solution is of the form y = ¢".

y=t" — y=rt"t = yf=r@-1)t2

Substitute these expressions into the ODE.
A2 [r(r — 1)t 2] = 8t[rt" 1 + 9" = 0

dr(r—1)t" —8rt" +9t" =0

Divide both sides by ¢".
dr(r—1)—8r+9=0

4r2 —12r +9=0
(2r—3)2=0
1o}
r=4=
2

One solution to the ODE is then t3/2. The ODE is homogeneous, so any constant multiple of this,
y = ct3/2, is also a solution. According to the method of reduction of order, the general solution is
found by allowing ¢ to vary as a function of t: y(t) = ¢(t)t>/2. Substitute this into the original
ODE to find what ¢(¢) is.

42[e(®)t32)" — 8t[c(t)t3?] + 9[c(t)t??] = 0

Evaluate the derivatives by using the product rule.

44 [c/(t)t3/ 24 gc(t)tl/Q]/ — 8t [C’(t)t?’/ 2+ ;c(t)tl/ 2] +9[e(t)t3?] = 0

442 [c”(t)t?’/Q + gc’(t)tl/2 + gcl(t)tl/Q + ic(t)tl/ﬂ — 8t [c’(t)t3/2 + Zc(t)tl/Q] +9[e(t)t3/?] = 0

A" (7% 4 6¢ (£)t7/% + 6¢ (0172 + 3et?7? — 8¢ (1)t°/? — 12e(51%77 + 9yt = 0
4 (O + 4 ()72 = 0
Solve for ¢ (t)/c (t).

The left side can be written as d/dt[In¢/(t)] by the chain rule.

d. o1
a[lnc ()] = ~37

Integrate both sides with respect to ¢.

Inc(t) = —Int + Cs
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Exponentiate both sides.

Integrate both sides with respect to £ once more.
c(t) = e Int+Cy
Since the general solution is y(t) = c(t)t3/2, we have
y(t) = B3 Int + Cut®/2.
Therefore, using a new constant Cj for e©3,

y(t) = Cst®? Int + Cyt®/2.
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