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Problem 31

In many physical problems the nonhomogeneous term may be specified by different formulas in
different time periods. As an example, determine the solution y = ¢(t) of

"y — t, 0<t<m,
vy me™ !, t>m,

satisfying the initial conditions y(0) = 0 and 3/(0) = 1. Assume that y and ¢y’ are also continuous
at t = 7. Plot the nonhomogeneous term and the solution as functions of time. Hint: First solve
the initial value problem for ¢ < m; then solve for ¢ > 7, determining the constants in the latter
solution from the continuity conditions at t = 7.

Solution

Solve the ODE on each time interval separately.
! 1 T—t
Yy +y=t, 0t Yy Fy=me"", t>m

Because the ODE is linear, the general solution can be expressed as a sum of the complementary
solution y.(t) and the particular solution y,(t).

y(t) = ye(t) + yp(t)

The complementary solution satisfies the associated homogeneous equation. It is the same for
both intervals.

yg+yc =0 (1)

This is a homogeneous ODE with constant coefficients, so the solution is of the form y,. = €.

Yo = ert N yé — Tert N yél — T26rt

Substitute these expressions into the ODE.

rlet 4 et =0

Divide both sides by e’
r?+1=0
r={—i,i}
Two solutions to equation (1) are then y. = e~ and y. = ¢*. By the principle of superposition,
the general solution is a linear combination of these two.

ye(t) = Cre™ + Che'
= C1[cos(—t) + isin(—t)] + Ca[cos(t) + isin(t)]
= C[cos(t) — isin(t)] + Cafcos(t) + isin(t)]
= (Ccost —iCysint + Cycost +iCysint
= (C1 4+ Cy) cost + (—iCy +iCo) sint
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Using new constants for the terms in parentheses, the complementary solution is

(1) = Cs3cost+ Cysint if0<t<m
Yell) = Cscost+ Cgsint  ift >« ‘
On the other hand, the particular solution satisfies

Yp+yp=1t, 0<t<m y +y,=me" ", t>m.

Since the inhomogeneous term for the first ODE is a monomial, the trial solution is a polynomial
of terms leading up to and including the highest order: y,(t) = A + Bt. Since the inhomogeneous
term for the second ODE can be written as me™e !, the trial solution is C'e~t. Substitute these

into the ODEs to determine A, B, and C.
(A+Bt)' +(A+Bt)=t, 0<t<m (CeV)"+(Ce™)=me™
Simplify the left sides.

A+Bt=t, 0<t<7m 2Ce‘'=me"e !, t>n

For these equations to be true, the following system of equations must be satisfied.

A=0
B=1
2C = we™

Solving it yields A =0, B =1, and C' = we™ /2, which means

o=l ifo<t<n
o et ift s
The general solution is then
() = Cscost+ Cysint +t Hfo<t<nmw
Y C5cost+Cgsint+%eft ift >n .

Differentiate it once with respect to t¢.

, —Cssint 4+ Cycost + 1 ifo<t<m
y(t) =

| =Cssint + Cg cos —%e*t ift>mn

t>m

The initial conditions are prescribed at ¢ = 0, so they can be used to determine Cs and Cjy.

y(0) =C3 =0
y(0)=Ci+1=1

Solving this system of equations yields C3 = 0 and Cy = 0.

t ifo<t<n
y(t): . ﬂ-eﬂ' —t .
Cscost + Cgsint + "5-e ift>mn
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Use the fact that y and ' are continuous at ¢t = 7w to determine C5 and Cj.

lim y(t) = lim y(t)

t—sm— t—mt
lim ¢/(t) = lim /(¢)
t—— t—nt
T s
m=Cscosm+ Cgsinm + 76_“
. me' _
1=—-Cssinm + Cgcosm — 76 T
T
™= —C5 + 5
T
]. - —OG - 5
T
05 — —5
T
Cﬁ — _5 - 1
Therefore,
t fo<t<m
y(t) = me”

B —Ecost—i— (_f — 1) sint+ —e v ift>n
2 2 2

J}
v = w{)
3 L
2 L
1+
: : ‘ ‘ : : t
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The inhomogeneous term is

y=f()
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