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Problem 19

(a) By making the change of variable x — 1 =t and assuming that y has a Taylor series in
powers of ¢, find two series solutions of

v +(z—-1)% + (2 -1)y=0
in powers of x — 1.

(b) Show that you obtain the same result by assuming that y has a Taylor series in powers of
x — 1 and also expressing the coefficient 22 — 1 in powers of z — 1.

Solution

Part (a)

Rewrite the ODE.

d*y 9 dy
@4-(33—1) %—I—(x—l)(x—kl)y:()
Make the change of variables, t = x — 1.
@+t2@+t(t+2) =0
dx? dx v=

The aim now is to find what dy/dx and d?y/dz? are in terms of this new variable. Use the chain
rule.

dy _dyds _dy
dt dx dt dx - dx

By _d(dy) _ded (dy\ . d (dy)_dy
2 dt \dt) dtdex\dt) “'dx\dr) da?
As a result of changing variables, the new ODE is

d2y o dy
CY 2 42y =0
gz T P2y

Assume that y has a Taylor series in powers of t.

oo
y(t) = Z ant™
n=0

Differentiate this series twice with respect to ¢ to get dy/dt and d?y/dt>.

y= Zant" — d—z = Z apnt™ = dT,g = Z apn(n — 1)75”_2
n=0 n=1 n=2

Substitute these series into the ODE.

o o o
Z ann(n — 1)t" "2 4 2 Z annt™ L+ t(t +2) Z apt™ =0
n=2 n=1 n=0
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o0 oo oo
Z ann(n — 1)t" "2 412 Z apnt" 1 + (£ + 2t) Z ant™ =0
n=2 n=1

n=0

o0 (o) o0 o0
Z ann(n — 1)t""2 12 Z annt™ 2 Z ant™ + 2t Z ant” =0
n=2 n=1 n=0 n=0

Bring t2, t?, and 2t into the respective summands.

o0 o (oo} o
D ann(n — D" apnt"™™ +3 "™+ 20,4 =0
n=2 n=1 n=0 n=0

Substitute k + 2 =n — 2 in the first sum, £ + 2 = n + 1 in the second sum, k¥ = n in the third
sum, and k + 2 =n + 1 in the fourth sum.

o0 0o o o
Z apra(k +4)(k + 3)th+2 4 Z gy (k 4+ 1)tE2 4 Zaktk+2 n Z 2 1152 = 0
fha=2 k=1 k=0 k-+1=0
Solve for k.
00 o o -~
Z (k4 4)(k + 3)apat* 2 + Z(k + a2 Zaktk+2 " Z 2ap i tF 2 = 0
k=-2 k=0 k=0 k=-1

Write out the first two terms of the first sum and the first term of the fourth sum.

00 00 00 o
2a5+6agt+ Y (k+4)(k+3)apsat™? + > (k+ Dapt"™2 + " apt"™ 2 4 200t + > 2051t =0
k=0 k=0 k=0 k=0

Now that each of the sums has the same limits and factors of ¢, they can be combined.

o0
2a3 + (2a0 + 6ag)t + Y _[(k +4)(k + 3)appat™ + (k + Dapsrt™ + apt?? + 204 1172 = 0
k=0

Factor the summand.

o0
2a3 + (2ag + Gaz)t + Z[(k +4)(k +3)agsa + (K + Dags1 +ar + 2ak+1]tk+2 =0
k=0

o
2a5 + (2a0 + 6as)t + > _[(k +4)(k + 3)apsa + (k + 3)apss + ap]t* 2 = 0+ 0t + 042 4 -
k=0
Match the coefficients on both sides.
2@2 =0
2ag + 6a3 =0
(k+4)(k + 3)agta + (b + 3)ag1 +ar =0

Solve for ag, as, and aj,4.

ag = 0

ag——-—?;
a _ (k4 3)ag+1 + ag
Frd (k+4)(k + 3)
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Plug in enough values of k£ to get four terms involving ag and four terms involving a;.

3a1 + ag ag a1
k=0: = = — —
aa 4.3 12 4
day + aq ai
:1: = —-— = —
K = 5.4 20
Sasz + as agp
k=2: = = _
a6 6-5 18
b—3 a7:76a4+a3_a0 ay

7.6 252 ' 28

Therefore,

o)
y(t) = Z ant™
n=0
= ag + art + agt® + aztd + - -

i aop ,3 ( ag al) 4 Q1,5 Q0,6 (ao a1> 7
- p— Q0 (L0 W Mys Q046 (90 N7
atat =S\ Ty 50" T8t T\gs2 Tag)t T

AR A th 4
— 1 4. P4 4
a“( A TRATE >+a1< 120 w7 >

y($)—a0[1—;($—1)3—112(x—1)4+1(x—1)6+ ]
+a1[(m—1)—i(x_1)4_210(x_ )54_%(%_1)74_ ]
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Part (b)

Rewrite the ODE.

d2y o dy

— —1)"== —1 1y =
da:2+(x )dx—i—(a: Jx+1)y=0
dZ?J o dy

— —1)"—= —1 —14+2)y =
x2+(az )d$+(33 Jx—142)y=0
d2y o dy 2

Assume that y has a Taylor series expansion in powers of x — 1.

= Zan(x - 1"
n=0

Differentiate this series twice with respect to x to get dy/dx and d?y/dt>.

io: (z—=1)" — &y :io:nan(m—l)T“1 — @:io:n(n—l)an(yc—1)"72
do = dx? =

Substitute these expressions into the ODE.

Z n(n —1ap(z —1)""2 + (z — 1)2 Z nay,(z — 1)"!
n=2 n=1
+ (z — 1)22an(x — 1"+ 2(x — 1)2%(:6 -1)"=0
n=0 n=0

Bring (z — 1)?, (x — 1)2, and 2(x — 1) into the respective summands.

o0 o0 o0 o0
Zn(n — Dap(xz — 1)”72 + Znan(ac - 1)”H 4 Z@n(w _ 1)n+2 i Z 20 (z — 1)n+1 —0
n=2 n=1 n=0 n=0

Substitute k + 2 = n — 2 in the first sum, £ 4+ 2 = n + 1 in the second sum, k = n in the third
sum, and k£ + 2 =n + 1 in the fourth sum.

Z apra(k+4)(k+3) (z—1)F 24 Z ak+1(k+1)($—1)k+2+z ap(z—1)F+2 4 Z 2ap41(z—1)F+2 =0
k+4=2 i1 — W5
Solve for k.

Z (]€+4)(k+3)ak+4(l‘—l)k+2+z(k‘—l—l)ak+1(x_l)k+2_|_z ap(z—1)"24 Z Dap i1 (2—1)F+2 = 0
k=-2 k=0 k=0 k=-1

Write out the first two terms of the first sum and the first term of the fourth sum.

[o.¢]
2ay + 6as(z — 1) +Z (k+4)(k+ 3)agra(x — 1) k+2—|—2 (k+1 ak+1(a:—1)k+2
k=0 k=0

—I—Zak D2 4 2a0(z — 1) +ZQCL}€+1 (z—1)F2=0
k=0
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Now that each of the sums has the same limits and factors of (x — 1), they can be combined.

2a2 + (2ag + 6az)(x — 1)

+ [k +4) (k+3)apsa(e — P2 4 (b + Dagg (@ — D2 4 ap(e — )2 4 20444 (2 — 1)) = 0
k=0

Factor the summand.

2a9 + (2ag + 6az)(x — 1) +

NE

[(k+4)(k + 3)arsa + (k + Daggr + a + 2ax1)(x — 1) =0

i

0

2a0 + (2&0 + 6a3)(x — 1) +

Nk

[(k + 4)(k + 3)arra + (k + 3)ar1 + a)(z — 1)

B
Il

0
=0+0(x—1)+0x—1)*+---
Match the coefficients on both sides.
2a9 =0
2ag + 6a3 =0
(k+4)(k+3)agys + (k+3)ag+1 +ar =0

Solve for ag, as, and aj,4.

ag = 0
ao
as = 73
(k4 3)ag+1 + ag
Ak4+4 = —
(k+4)(k+3)
Plug in enough values of k£ to get four terms involving ag and four terms involving a;.
3a1 + ag apg a1
kj = . - —, T ——— —
0: 1.3 12 14
das + ay ay
k=1: = =——
o 54 20
daz3 +az  ap
k=2: == =—
46 6.5 18

6a4 + baqg +a3  ap a1

k=3: = —
a 7.6 252 28

Therefore,

t) = Zan(ac - 1"
n=0

=ap+ai(z—1)+as(z—1)%+az(x—1)>+

B e TR
_ao[l—g(x—l)g—f?(a:— )4—1—%@—1)64— }
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