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Problem 15

In each of Problems 13 through 18, find the Laplace transform of the given function.

f(t) =


0, t < π

t− π, π ≤ t < 2π

0, t ≥ 2π

Solution

The Laplace transform of a function f(t) is defined here as

F (s) = L{f(t)} =
ˆ ∞
0

e−stf(t) dt.

For the provided function in particular, we have

F (s) =

ˆ π

0
e−st(0) dt+

ˆ 2π

π
e−st(t− π) dt+

ˆ ∞
2π

e−st(0) dt

=

ˆ 2π

π
te−st dt− π

ˆ 2π

π
e−st dt

=

ˆ 2π

π

(
− ∂

∂s
e−st

)
dt− π

ˆ 2π

π
e−st dt

= − d

ds

ˆ 2π

π
e−st dt− π

ˆ 2π

π
e−st dt

= − d

ds

(
−1

s
e−st

)∣∣∣∣2π
π

− π

(
−1

s
e−st

)∣∣∣∣2π
π

= − d

ds

(
e−πs − e−2πs

s

)
− π

(
e−πs − e−2πs

s

)
= −

[
(−πe−πs + 2πe−2πs)s− 1(e−πs − e−2πs)

s2

]
− π

(
e−πs − e−2πs

s

)
=
πse−πs − 2πse−2πs + e−πs − e−2πs

s2
− πe−πs − πe−2πs

s

=
πse−πs − 2πse−2πs + e−πs − e−2πs − πse−πs + πse−2πs

s2

=
e−πs − e−2πs − πse−2πs

s2

=
e−πs − (1 + πs)e−2πs

s2
.
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