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Problem 33

In each of Problems 30 through 33, find the Laplace transform of the given function. In Problem
33, assume that term-by-term integration of the infinite series is permissible.

f(t) = 1 +

∞∑
k=1

(−1)kuk(t). See Figure 6.3.7.

Solution

The Laplace transform of a function f(t) is defined to be

F (s) = L{f(t)} =
ˆ ∞
0

e−stf(t) dt.

Of course, for this integral to converge, it’s necessary that s > 0. Substitute the given function for
f(t), replacing uk(t) with the Heaviside function H(t− k).

F (s) =

ˆ ∞
0

e−st

[
1 +

∞∑
k=1

(−1)kH(t− k)

]
dt

=

ˆ ∞
0

e−st dt+

ˆ ∞
0

e−st
∞∑
k=1

(−1)kH(t− k) dt

=

ˆ ∞
0

e−st dt+
∞∑
k=1

(−1)k
ˆ ∞
0

e−stH(t− k) dt

=

ˆ ∞
0

e−st dt+
∞∑
k=1

(−1)k
ˆ ∞
k

e−st dt

=

(
−1

s
e−st

)∣∣∣∣∞
0

+

∞∑
k=1

(−1)k
(
−1

s
e−st

)∣∣∣∣∣
∞

k

=
1

s
+
∞∑
k=1

(−1)k
(
1

s
e−ks

)

=
1

s
+

1

s

∞∑
k=1

(−1)ke−ks

=
1

s

[
1 +

∞∑
k=1

(−e−s)k
]
=

1

s

∞∑
k=0

(−e−s)k =
1

s

[
1

1− (−e−s)

]
=

1

s(1 + e−s)
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