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Exercise 10

Solve Example 1.6.1 with the initial data

, B % if0<z<a, B
(l)f<x)_{h(£—a:)/(€—a) fa<z<t, and g(x) = 0.

) y . L it0<x<a,
7@ =0 and 9D = - )j(t—a) Ha<a<t

Solution

The initial boundary value problem that needs to be solved is the following:

U = gy, O<ax<t, t>0
u(0,t) = u(l,t) =0, t>0

u(z,0) = f(x), 0<z</
ug(x,0) = g(x), 0<z</.

The PDE and the boundary conditions are linear and homogeneous, which means that the

method of separation of variables can be applied. Assume a product solution of the form,

u(z,t) = X(x)T(t), and substitute it into the PDE and boundary conditions to obtain
T”(t) B X”(m)

X(2)T"(t) = X" (2)T(t) — 2T = X(a) =k (1.10.1)

w(0,6)=0 — X(0)Tt) =0 — X(0)=0
ull,t) =0 — XUT({t)=0 —

The left side of equation (1.10.1) is a function of ¢, and the right side is a function of . Therefore,
both sides must be equal to a constant. Values of this constant and the corresponding functions
that satisfy the boundary conditions are known as eigenvalues and eigenfunctions, respectively.
We have to examine three special cases: the case where the eigenvalues are positive (k = u?), the
case where the eigenvalue is zero (k = 0), and the case where the eigenvalues are negative

(k = —\2). The solution to the PDE will be a linear combination of all product solutions.

Case I: Consider the Positive Eigenvalues (k = 1?)

Solving the ordinary differential equation in (1.10.1) for X (x) gives

X"(x) = p?X(x), X(0)=0, X(¥)=0.

X (x) = C1 cosh px 4+ Cy sinh px
X0)=C — C1=0

X)) =Cysinhpl =0 — Cp=0
X(x)=0

Positive values of k lead to the trivial solution, X (x) = 0. Therefore, there are no positive
eigenvalues and no associated product solutions.
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Case II: Consider the Zero Eigenvalue (k = 0)

Solving the ordinary differential equation in (1.10.1) for X (x) gives
X"(x)=0, X(0)=0, X(¢)=0.

X(z) =Cix + C
X0)=Cy — Cy=
X)) =Cit= - O =
X(x)=0

k = 0 leads to the trivial solution, X (z) = 0. Therefore, zero is not an eigenvalue, and there’s no
product solution associated with it.

Case III: Consider the Negative Eigenvalues (k = —\?)

Solving the ordinary differential equation in (1.10.1) for X (x) gives
X"(x) = =N?X(z), X(0)=0, X(¢)=0.

X(z) = Cy cos \x + Cysin Az
X0)=C — C1=0
X(0) =CysinAM =0
sinAM=0 — M=nm,n=12...

X(x) = Cysin Az )\n:@,nzl,Q,...

14

The eigenvalues are k = —\2 = — (%)2, and the corresponding eigenfunctions are

X, (x) = sin ®Z2. Solving the ordinary differential equation for T'(¢), T"(t) = —c2\*T'(t), gives
T(t) = AcoscAt + BsincAt. The product solutions associated with the negative eigenvalues are
thus u,(z,y) = X (2)T(t) = (Ay coscApt + By sincApt) sin Az for n = 1,2, .. ..

According to the principle of superposition, the solution to the PDE is a linear combination of all
product solutions:
oo
nm . onmwN\ . nmw
u(x,t) = nz:l (An cos 0715 + B, sin 07t> sin —-z.
The coefficients, A, and B, are determined from the initial conditions. Setting ¢ = 0 results in

an equation for A,,.

u(x,0) = ZA” sm? = f(x)
n=1

mnx

Multiplying both sides of the equation by sin ™% (m being a positive integer) gives

mmnx

14

Z Ay, sin % sin m;r:v = f(z)sin

n=1

Integrating both sides with respect to x from 0 to ¢ gives

L 4
/ Z Apsin 2 gin T g = / f(z)sin T s
0 n=1 ¢ ¢ 0 ¢
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ZA /smsnmdx—/f sin

£
= §6nm

12
Ay <§>:/0 f(as)sin%dx
A —Q/Zf(x)sinmdx
"l 4 '

In order to find B,, we have to use the second initial condition, so we take the first derivative of
u(z,t) with respect to t.

o
up(x,t) = Z (—Anc%r sin cn%t + Bnc%r cos cn%t) sin n—zm

n=1

ug(x,0) = i <Bnc%> sin ? = g(x)
n=1

m7r:p

Multiplying both sides of the equation by sin (m being a positive integer) gives

> nmw\ . nTT . muT . mmx
Z (Bncj) sin ——sin —— = g(x)sin /

n=1

Integrating both sides with respect to x from 0 to ¢ gives

{ ¢
/ Z (Bncn—ﬂ> sin L gin MY g — / g(x) sin M
0 = 14 14 14 0

o0

¢ ¢
nmw . nwr . mmx . mmx
E (Bnc€>/0 sin ——sin — d:U:/O g(x) sin 7 dz

n=1

dzx

Y4 ¢ . onmx
(Bnc i )5 /0 g(x) sdew

2 ¢ nme
B,=— in—d
" | g(x)sin 7 e
Now that we know the general solution of the PDE and the coefficients, we can use the initial

data given in the problem statement.

_ - ifo<z<a, _
(l)f(m)_{h(é—x)/(f—a) fa<s<p M49@=0
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The coefficients evaluate to

A, Z/f sin@d:c

¢ —
== < h—x sin % g + / AL — 2) sin 1L dx>
0 a

14 a 14 {—a 14
2 ht . nrwa nwa ht . nrwa nmTa
=7 { [an27r2 (Esm 7~ onmcos E)} + {(6—@)712772 <€sm —~ + (¢ — a)nm cos €>] }
B 2h(? sip 9
~ a(l — a)n?n? 1
) 0
B, = o g(x) Sin%dl’
=0.
So the solution to the initial boundary value problem (i) is
> 2h(? oy e nmw, . nm
Z ol — a)n’r 5 S 7 cos 0775 sin 7:1:
n=1
dor if0<z<
(i) f(x) =0 and g(x)=1{ ° Lo
uw(l—z)/(l—a) ifa<z <L
With these initial data the coefficients evaluate to
A, €/ flx sin@ dx
2 ¢ nwT
B, =— in —d
o g(z) sin —— dz
¢ _
= @ sin —d / uo(f — ) sin 7 g
cnm o C—a 14
2 uol . nma nwa uol . nma nwa
= — { [cm27r2 (ﬁsm — —anmcos 6)} + {MW (€sm7 + (¢ — a)nm cos €>] }
_ 2u0€3 . nwa
~ ac(f — a)n3n3 e

So the solution to the initial boundary value problem (ii) is

x
Qupl3 . nma . nw. . Nw
u(x,t) = sin sinc—tsin —x.
() Z ac(l — a)n3m3 14 1 1
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