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Exercise 20

Apply the Fourier transform to solve the initial-value problem for the dissipative wave equation

U = c2um + agyt, —00 <z <00, t>0,
w(x,0) = f(z), wu(z,0)=af’(x) for —oco <z < oo,

where « is a positive constant.

Solution

The PDE is defined for —oo < < 00, so we can apply the Fourier transform to solve it. We
define the Fourier transform here as

1 .
Flu(x,t)} = U(k,t :/ e kT (z, ) de,
{u(z,t)} = U(k,1) Nl (z,t)
which means the partial derivatives of u with respect to z and t transform as follows.

F {g;”;j} = (ik)"U (k. 1)

0™u arU
a {875} =

Take the Fourier transform of both sides of the PDE.

}—{Utt} = f{CQUzm + Oéumt}
The Fourier transform is a linear operator.
Fluy) = AF{uge} + aF {tge}

Transform the derivatives with the relations above.

d*U 9,1\ L 2dU
W = C (’Lk’) U‘i‘a('Lk) %
Expand the coefficients.
d*U 2,9 o dU
ﬁ = —c°k*U — ok %
Bring all terms to the left side.
d?U dU
=7+ akQE + KU =0 (1)

The PDE has thus been reduced to an ODE. Before we solve it, we have to transform the initial
conditions as well. Taking the Fourier transform of the initial conditions gives

u(z,0) = f(z) — Flu(z,0)} = F{f(2)}

Uk, 0) = F(k) )
@0 =af@  »  F{Geol=Far@)
%](k, 0) = a(ik)?F(k) = —ak*F (k). (3)
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We can solve equation (1) with the Laplace transform since ¢ > 0. The Laplace transform of
U(k,t) is defined as

L{U(k,t)} =U(k,s) = /OOO e StU (k,t) dt,

so the first and second derivatives transform as follows.

L {ig} = sU(k,s) — U(k,0) (4)
2 —
c {‘fﬁg} — 20k, ) — sU(k,0) — %(k, 0) (5)

Take the Laplace transform of both sides of equation (1).

The Laplace transform is a linear operator.
d*U dUu
L — kAL — KPL{U} =0
{dtQ}—i-oz {dt}+c {U}

Use equations (4) and (5) here.

s*U(k,s) — sU(k,0) — %(k, 0)} + ak?[sU(k, s) — U(k,0)] + *k*U(k, s) = 0

Expand the left side and substitute equations (2) and (3).
s*U(k,s) — sF(k) + ak*PtE) + ak’sU(k, s) — ak2P(E) + k2 U(k,s) = 0

The ODE has thus been reduced to an algebraic equation. Factor U (k,s) and bring the terms
without it to the right side.

(s> + ak’s + kA U(k, s) = sF (k)

Divide both sides by s2 + ak?s + c?k?.

= S

Ulk,5) = s2 + ak?s + czkzF(k)

In order to change back to u(z,t), we have to take the inverse Laplace transform of | U(k, s) to get
U(k,t) and then take the inverse Fourier transform of it. Our task now is to write U in a form
that we can easily transform. The two inverse Laplace transforms we will eventually use are

L1 {(s—a} = e cos bt (6)
2—|—b2} = eat sin bt, (7)

s0 we want to write U with terms that have these forms. Complete the square in the denominator.

= S

Uk, s) = (o ) (o) F(k)
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Rewrite U so that s 4+ ak?/2 is in the numerator.

B s+ ak? -
T e ) ey e

Multiply the numerator and denominator of the second fraction by \/c2k? — a2k /4.

ak? 2 2f2 _ o2kt
— k 1 \/¢
Ok, s) = s+ =5 « 4

o 2\ 2 214 F() 2 27.4 2\ 2 274 F(k
(o) (o) PR () (o)

Now we're ready to take the inverse Laplace transform. Use equations (6) and (7) here.

ak? 24 k2 F(k ak? 24
U(k,t) = F(k)e*%tcos ty/c2k2 — 2 - (k) e !sin t\/ k2 — a
4 2 C2k'2 N a2kt 4
4

To make U(k,t) easier to work with, introduce a new variable w = w(k) for the square root term.

a2kt
4

w(k) =1/ 2k? —
Then, after factoring,

w

ak? k2
U(k,t) = F(k:)e*%t <coswt - C;— sinwt> .

. 2 .
It’s not necessary to consider the case where ¢?k? — - < 0 because cosiwt = coshwt and

—isiniwt = sinhwt. We're ready now to take the inverse Fourier transform. It is defined as

—1 ik
(U1} = u(z,t) = F/ Uk, )¢ d

Plug U(k,t) into the definition of the inverse Fourier transform to get u(x,t).

1 oo ak? 2 .
u(z,t) = \/%/ F(k‘)e_%t (cos wt — % sinwt) ek d

Recall that sine and cosine can be written in terms of exponentials using Euler’s formula.

ezwt + efzwt
coswt =
2
) . ezwt _ efzwt
SN Wt = -
21

Substituting these expressions, we get

(x t / %Qt eiwt + e—iwt B Oél{iz 6iwt _ .e—iwt eikx "
\/ 27 2 2w 21

—iwt

Expand the integrand and factor the terms in e** and e

(ZL‘ t \/27/‘ QSQt |:; <1 + ng2> eth _1_3 (1 _ ij2> e—iwt:| eikx dk
s w w
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Distribute ¢?** and F(k) and 1//27.

a2, [1
u(z,t) = / e %5t {2 <1 +
—00

Therefore,

where

iak? F(k) ei(k:ﬁﬂut) _'_1
2w \/ 2T 2
oo « 2
(o, ) = / e St A (k) eilkrten | B
1 iak?\ F(k)
A(k:)—2< 4ok )QW
1 iak?\ F(k)
Bk = <1 ok ) L
214
w=uw(k) =1/c2k? - a4k:
1 o —ikx
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