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Problem 2.21

The gaussian wave packet. A free particle has the initial wave function

2

U(z,0) = Ae™ %",
where A and a are (real and positive) constants.
(a) Normalize ¥(z,0).

(b) Find ¥(z,t). Hint: Integrals of the form

+oo 2
/ e (az?+bx) dx

—00

can be handled “by completing the square”: Let y = v/a [z + (b/2a)], and note that
(az? + bx) = y* — (b*/4a). Answer:

20\ 1 22 :
U(z,t)=|— —e /7 where v =+/1+ (2ihat/m). (2.111)

™ v

(c) Find |¥(x,t)|?. Express your answer in terms of the quantity

w = +/a/ 1+ (2hat/m)?].

Sketch |¥|? (as a function of x) at t = 0, and again for some very large ¢. Qualitatively,
what happens to |¥|?, as time goes on?

(d) Find (z), (p), (x?), (p?), 04, and o,. Partial answer: (p?) = ah?, but it may take some
algebra to reduce it to this simple form.

(e) Does the uncertainty principle hold? At what time ¢ does the system come closest to the
uncertainty limit?

Solution
The governing equation for the wave function is the Schrédinger equation.

L0V n? 0?w
Zhﬁ = o 2 +V(z,)¥(x,t), —oco<z<o00,t>0

For a free particle in particular, V' = 0, and the equation simplifies to
0¥ h? 0*W
th— =———.
ot 2m Ox?

Let there be a prescribed initial condition, ¥(z,0) = ¥¢(z). Since the PDE is linear and
—00 < < 00, the Fourier transform can be applied to solve it. The Fourier transform of ¥(x,t)
is defined here as

FLU(2, )} = U(k, ) = \/127 /OO TG (2,1 da.
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As a result, the partial derivatives of ¥ transform as follows.

F { g;f } = (ik)" U (k, )

o dm
f{ otn } ot

Take the Fourier transform of both sides of the Schrédinger equation.

_Ov K2 920
f@ﬂﬁ}—f{bmaﬁ}

Since the transform is a linear operator, the constants can be brought in front.

. ov h? A
W{at} = ‘sz{axz}

Transform the derivatives.

By using the Fourier transform, Schrodinger’s equation has become a first-order ODE. Solve it
now.

@ _

] 2m
iln\ij = —ﬂlﬁ
dt 2m

= — g2y + C (k)
2m

To determine B(k), transform the given initial condition,
U(z,0) = Wo(z) — F{U(x,0)}=F{To(z)} — Uk 0)=Tyk),

and then apply it. . .
Wk, 0) = B(k) = Fo(k)

Consequently, the transformed solution to Schrédinger’s equation is

U(k,t) = Uo(k)exp (—;Zk?t) .

Now take the inverse Fourier transform of both sides to get ¥(x,t).
—1 = —1 = Zﬁ 2
U(z,t) = F {\I/(k,t)} = F1 3 Wo(k) exp 5 -k
m
According to the convolution theorem for the Fourier transform,

F! {f(k:)g(k)} = \/12? /_Z f(&)g(x — &) de.
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The inverse Fourier transform of Wy (k) is just Wo(z), and the inverse Fourier transform of the
exponential function is

-1 _tho _ 1 % ika _tho
F {exp( 2mkt>}—m/ooe exp( 2mkt>dk

__ L exp fﬁk?t +ikx | dk
CVor e 2m
ih 2mex

_ 1 > [ 2
= Tﬁ/_ooexp_ 2mt<k‘ o kﬂdk‘

1 o0 r - ) 2,.2 . 2,.2
S T . _mt(kz_mk+mx>+mt(mw>]dk

2m ht h2t2 2m h2t2

1 o0 [ dht maz\ 2 imax?
S (o dk
Vor oo TP 2m ( ht> ]eXp< 2nit >

2 <zmx2>/°° u? i

= ex exp | — U
var P\ amt ) Jy P Lm)ﬂ
int
2 imaz? 2%
LI

" Vor eXp( oht ) VTl

m

By the convolution theorem, then,

W(a,t) = ¢127r / Z %@@ exp {””(;”hf)z] .

Therefore, the solution to the Schrodinger equation for a free particle is

wot) = [ [ e [ - 7] wate) e

2

U(z,0) = Yo(x) = Ae” ™.

In this problem
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Part (a)

Start by normalizing the initial wave function: Require that the integral of |¥(z,0)|? over the
whole line is 1 in order to determine A.

o0
1:/ |U(xz,0)|? dx

= / A2e~207” g

o] .’172
—2A2/ exp |— 5| dz
0 _1

%)
1
zzAz.ﬁ(«ja)
_A2 1
2a

Solve for A.

Part (b)

Substitute the initial wave function into the boxed formula for ¥(x,t).

_om [ moo o

Wat) = g | oo | e - 7] wo(e) dg
B m > im o] [ 2a 1/4 ag?
~\ 2rint /_Oo P [zm(x_g) } <7r> ¢ d

g | e [%(m—@?—aﬁ] ¢

mo iﬂxg /°° ox im — 2hat - imx 2 _im —2hat  P*m’x® g
omint U \2nt" ) | V| 2nmt im — 2hat oht  (im — 2hat)?

1/4 m > m [im — 2hat 2tmx
2 2
exp| ——z° |exp | —=7— | — ———=& | | &£
> 2miht /OO <2ht ) ¢ 2ht ( tm — 2hat )}

m_ (s /Oo o im — 2hat - imz\? o m2x? i
omint P \2nt” ) ) P 2nt im — 2hat P | 9nt(im — 2hat)
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Make the following substitution.
mx

uzg_im—Qhat

du = d¢

4 o ﬂmQ L me m2x? /OO o im — 2hatu2 J
271'th P ot 2ht(im — 2hat) P 2ht “
/4 im(im — 2hat) + m? , /°° u?
x exp | ————— | du
2mht 2ht(1m — 2hat) e ( ot )2

Therefore,

2a
T

A —2ihamt 9 /OO u? d
- X ex — U

T 2mht 2ht(im — 2hat) 0 P ( oht )2

2hat—im
21t

o (2N T (dem Y| e Ve

T 2miht im — 2hat 2

1/4

2a 72

m

o\ /4 ar?

T \/m P 1 Zibat |

or if we set v = /1 + (2ihat/m),

-(%)
-(%)

2hat—im

[\

=2

[\J

N———

a

[\J

N———

Part (c)

Now that the wave function is known, the probability distribution for the particle’s position at
time ¢ can be determined.

|U(xz,1)|? = U(z,t)U*(z,1)

<2a)1/4 1 ar <2a)1/4 1 2
— I\ x ————=XP | ~ = L exp | -
" 1+ 2Zihat g 1+ 2at ™ | _ 2ihat P 1 — Zhat
m
\/% 1 . < ax? ax>
Vi i ; P\~ 2ihat 2ihat
T ey (1 2 A L 1

_ Qihat) (1 + 2zhat) 332

m

e 1 [-(
Vo e (1+%<l—%
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t —2ax2
(, 4h2a2t2 PR
m2

or if we set w = /a/ [1 + (2hat/m)?]

Therefore,

2
W (z, )2 = 1/ 2 we 20",
™
Below is a plot of the probability distribution versus x at several times for the special case that

a=1and m = h.

.})
0.8
t=0
_ " 2
y=1¥x, 1)
0.6 r a=1
m=h
t=10
r=80 /0.4' \
Loal \
v N '
X
—4 -2 2 4

Part (d)

Now that the probability distribution for the particle’s position at time ¢ is known, expectation
values can be determined. Calculate the expectation value of z at time £.

(x) = /00 U*(x, t)(x)V(x,t) dz

—00

o
:/ x| (x,t)|? dx

—2ax2 d
4h2a2t2 4h2a2t2 z
2m2a / —2ax? 4
= rexp | ——55 | dx
rm? + aza2y | TP\ T I

0

This integral is zero because the integrand is an odd function and it’s taken over a symmetric
interval.
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Calculate the expectation value of z2 at time ¢.
o0
(%) :/ U™ (z,t)(2?) ¥ (x, t) d
—0o0
o0
:/ 22| U(x,t)|? dx

_ —2a:c2 d
- 4r2a2t2 4h2a2t2 z
B 2m2a —2ax? d
N\ T2 T a2 ) 2% exp 14 w2 |47

m2

2m2a /°° 9 x?
=2 r“exp |— 5| dz
\/71'(m2 + 4h2a?t?) J, T
% T TmE

m2
m2+4h2a?t?
_ \/ 2m2a \/» 2! V= 2mZ2a

m(m? + 4h2a2t?) " 2

m? + 4h%a’t?
4m2a

The standard deviation in z at time ¢ is then

m?2 + 4h2a2t2
4dm2a

Calculate the expectation value of p at time ¢.

(p) = /_ Z W (2, 1) <—m8‘1> U(z,t) da

——ih/ U™ (z, )gid

.h/oo (2&)1/4 1 az? 0 (2@)1/4 1 az?
= = -  exp|——S— || = | = - exp| ——5F—
oo ™ [1_ QiT}?Lat P 1— % Ox 0 i 2%@ P 1+ %

'h\/% 1 /°° az? 0 az? i
= —1hy/ — exp| ——— | =—exp| ——— | dz
W\/l_m (1 + 2ihat) /oo P\ oz ) 5 TP T 2
h\/> / ax? ax? 2ax d
—1 ex ex — - — - €T
/ 452a2t2 p QeriLat p 1+ 27,:;Llat 1+ QZTFZLat
'h\/TL 2a / —2ax? J
=thy/ — . zexp | —————== | dx
m

This integral is zero because the integrand is an odd function and it’s taken over a symmetric
interval. This result could have been obtained from Ehrenfest’s theorem: (p) = md(z)/dt = 0.
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Calculate the expectation value of p? at time ¢.

(p?) = /Oo U*(x,1) (—ihi)Q\I/(a;,t) dx

—0o0

> O*v
2 *

—0o0

e 2a 1/4 1 az?
e / L
( ™ ) [{ _ 2ihat S i 71
m m
[2a 1 o
N / exp [ ——2
22hat (1 + 2ihat) 1-—

m

m

m

_ 2 [2a 1 8a? /°°
T W 1+4ihat_4hi’;122t2 0

4a

B 1+ 2ihat

m

2a 1 8a? 2!
1!

=1/ = , /T
T 22419 4zhat _ 4h2a2t2
R R i

4a

_1+ 2ihat

m
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2

82

0x?

_ 2 2a o 0
e Lo ) o
m?2 m
_ 2a 1 o0 2
= ?\/HT PETEl Al (N7 L Mut T\
m?
/2a
h / 4h2a2t2 / ( 1+ 2zhat> "+ <
2 1 2 2 o
= Vo [, e <_1 + mat) / v
1 4 LWCLLQt ™ —00
2a /Oo
1 4 2ihat oo

exp (—

x° exp

s

62
0x?

2a

<

™

)1/4

2

ax

1

/ 2ihat
14+ ZWLLQ

exp (—

ax
1+ 2277’11at

exp (

1 + that

2a
1 4 Zihat
m

1+ QZgbat

2a
1+ 2ihat

) exp <_

00
/ exp | —
0 (
m2+44h2a2t?
2m2a

2

m2+4h2a?t?
\f 2mZa

2

IE
oo

2a12
———— | dx
1+ Eat )

axr

2

2ihat
1+ o

ar

——— | dx
2ihat
1+ Zma>

)dx
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Continue the simplification.

)

2 2a 242 |1+ G2 2 4 420242
1+ 4hi;122t2 1+ 4z'TfELat _ 4}1727;12%2 2a 27m2a
20 |14 gL
1 4 2ihat 2a
2 2ma ]
2 1 dihatm — 4h2a22  m + 2ihat

—h

o [a(m? + 4R%a®t?)(m + 2ihat) — 2ma(m? + 4ihatm — 4h%a?t?)

[ (m? + 4h2a%2)
-

(m? + 4ihatm — 4h%a?t?)(m + 2ihat)

h2

—h? (
a(m + 2ihat)3
(m + 2ihat)3
_52

ah?

The standard deviation in p at time ¢ is then

= V%) — (p)? = Vah? = hv/a.

Part (e)

The uncertainty product is

m?2 4 4h2a2t2
OpOp =\ ————

am?® — 6ihm2a%t + 12h2ma’t? + 8ik3a*t3
m3 4 6ihm2at — 12h%2ma?t? — 8ih3a3t3

N
2 m2

|

which is consistent with Heisenberg’s uncertainty principle (o,0, > h/2) for all . This system
comes closest to the limit at £ = 0.
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