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Problem 2.37

A particle in the infinite square well (Equation 2.22) has the initial wave function
U(x,0) = Asin®(rz/a) (0 <z <a).

Determine A, find ¥(x,t), and calculate (z), as a function of time. What is the expectation value
of the energy? Hint: sin” # and cos™ 6 can be reduced, by repeated application of the
trigonometric sum formulas, to linear combinations of sin(mf) and cos(m#), with
m=20,1,2,...,n.

Solution

Schrodinger’s equation describes the time evolution of the wave function U(zx,1).

L0V n? 0?w
zha = +V(z,t)¥(z,t), —oco<z<o00,t>0

For an infinite square well,

Viot) = Vig) = {o if0<z<a

oo otherwise

Applying the method of separation of variables reduces the PDE to two ODEs, one in x and one

in t.
L P(t)
o =
R ) _
o pw)

Subject to the boundary conditions, ¥(0) = 0 and (a) = 0, the TISE yields normalized solutions
of the form,

with corresponding energies,

n’m?h?

2ma? ’
where n = 1,2,.... With this formula for E, the solution to the ODE in t is ¢, (t) = e~ Ent/h,
According to the principle of superposition, the general solution for ¥(x,t) is a linear combination
of the product solutions ¢, (t)1y,(z) for all n.

E, =

U(z,t) = Z Cn®n (t)thn ()
n=1

> 2 n2r3h . nTx
= Z Cn\| —exp | —1 5t )sin —
= a 2ma a
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Set ¢t = 0 and apply the provided initial condition to determine c,.

T
E cn\/781n—A in® =~
a

itx/a _ efiﬂ'x/a 3
2

<e
(eSiﬂx/a _ 362i7rm/a€7iﬂ'x/a + 3ei7r:1:/a672i7ra:/a _ eSifra:/a)

A

I
N

8i3

I
N

-8

3 eiﬂx/a _ efiwx/a 1 €3i7r:13/a _ 673i7rx/a
4 2 4 2i

63i7rx/a _ 3ei7rx/a + 3efi7rx/a _ e3i7r:(:/a>

Comparing the coefficients, we see that
2 34
C1 \/; = T ifn=1
2 A
C3\/; = —Z if n=3 )

2
cn\/7:O ifn#1landn#3
a

34 _7%h . omx A 97%h \ . 37z
\Il(x,t)—jexp _ZZmaQt sin — — - exp _22ma2t sin ——.

Normalize the initial wave function to determine A.

- /Oa|\I/(x,0)\2dx
:/Oa (Asin3 %de
INESEICE Afw?,(a:)rd:c

2 a 2
:/0 (S @ - 222 L)) + g Slvalo) | da

which means
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Use the orthonormality of the eigenstates to evaluate the integral.

2 a
1= 222 [nrae 2252 ["on@wn@ds + 58 [ o
—_———

=1 =1

_ 5a.A2
16

Solve for A.

Therefore, the wave function is

1 . m2h . T 972h . dmx
\I’(l‘,t):ﬁ Jexp —zmt sm?—exp _ZQmaZt SIHT .

Alternatively, it can be written in terms of the eigenstates.

(1} t 3A \/>,(/) 72E1t/h \/>¢3 7’LE3t/fl

—iEvt/h - T —iE3t/h
\ﬁ Pi(z)e m%( Je

Writing the solution this way allows us to determine the expectation value of energy.

2 2
1 9 1
E)=S " E,P(E,) = E\P(E}) + EsP(E3) = By |——| +E3|———| = —FE + —FE
) =Y E.P(E,) = E\P(E\) + E3P(Ej) Nin) v R TIRRT
Therefore,

9m2h?
By =-——".
(E) 10ma?

Now calculate the expectation value of x at time .

(z) = /0 U (o, )0 (1) da

/a 1 3 2R ; T 972h ¢\ si 3rx
= —— [3exp | i——=t | sin — —ex sin— | s x
o Lv5a P 9ma2 a P Zma2 a
1 2R . X 972h . 3nx
X ¢ —— |3exp | —t——5t |sin— —exp [ —1¢ t ) sin dx
Ba 2ma? a 2ma? a

1 a . 9 ML . 9 O Ar2h . mx . 3nx Ar2h T 3rx
= — z [9sin”® — +s8in“ — — 3exp | —¢ 5t sin — sin — — 3exp | ¢ 5t sin — sin — | dx
0 ma a a ma

a a a a

1 [@ . 9 T . 9 3TT _47T2h 4 2R T 3tz
= — < 9sin® — 4 sin® — — 3 |exp | —¢ + exp 5t || sin—sin— pdx
5a Jo a a ma? “ma a a

I 3 472h 3
:/ x [981n2m+sin2m—6cos< il 2t> sinmsinm] dx
0 a a ma a a
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Split up the integral and proceed to evaluate it.

(z) = 9/ wsin® T dy

5a a
1 a
— xsin? /= 3 dx
5a
6 47r2h T 3
— — Cos t $Sln—sm—d$
5a ma? 0 a a
9 [@ 2
= — x(l—cosﬂx> dx
d5a Jo 2 a
1 a
+ — x<1—cosm>dm
5a Jo 2 a

6 472h /a T Tr  3mx Tx  3mx
— —cos | —=t —lcos| — — — ) —cos| —+ — || dzx
5a ma? 0 2 a a a a

1 a a
+ — / xdm—/ mcos&r—xdx
10a 0 0 a
3 472 @ 27T a drx
— — cos t T cos — dx — T cos — dx
5a ma? 0 a 0 a
BN e e
~ 10a | 2 o OX \ 7 a X9
n L a72 B @9 [a - Xrz J
10a |2 Jo ox \7" " a )|y
3 A2 h @90 (a . X7z @90 (a . X7z
——cos|(—t —— | —sin dr — — | —sin dx
5a ma o O0X \ 7 a X—2 o O0X \ 7 a X4

S ([ )| L ([ X,
2 10md 0 a xoo  10mdX \Jo a X6
-
X=6

@t i /a sin Xmz dx — i /a sin Xz dx
dX 0 a X=2 dX 0 a
3 s 47T2ht d (a—acosmX _ i a—acosTX
571' ma? ax X oy dX X [

|
g
o)
]
w0
A/~
3
S
[N}

_a d a—acos7rX _ii a—acosmX
T2 10mdX x—o lOmdX X

~a 9 Ja(-=1+cosmX + 7 X sinmX) 1 Ja(=1+cosmX +7XsinwX)
2 10« X2 v—o 107 X2 X6
3 47r2h a(—1+cosmX + 7 X sinwX) a(—1+cosmX + X sinwX)
— — cos —
5m ma2 TX? X2 TX?2
a 9 1 3 472h a
5 10 150 2 eos (T [0 - 0] [0
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