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Exercise 3.2.2

For the following functions, sketch the Fourier series of f(x) (on the interval —L < x < L) and
determine the Fourier coefficients:

(a) fl@)==2 (b) f(z)=¢"
() f(x)=sin— (d) f(m):{z iig

1 Jal< L2 [ e<0
(©) f<x>{0 e ® f(){l r<0

1 <0
2 >0

(8) flx)= {

Solution

The Fourier series expansion of f(x), which is defined on —L < z < L and assumed to be
piecewise smooth, is a 2L-periodic extension of this function over all of . Where f is continuous,
the expansion is given by

oo
nwx . nTx
flx)=Ag+ E 1 (AncosT +anmT) ,
n—=

and where there are jump discontinuities, the expansion takes the average value of f:
[f(x—) + f(z+)]/2. The formulas for the coefficients are

L
A0:21L/_Lf(x)d$

1 L nmwx
A, = — —_—
L /_L f(@) cos L dr

1 L
B, = L/_Lf(x)sianx,

which are obtained by integrating both sides of the Fourier series expansion and taking advantage
of the fact that the sine and cosine functions are orthogonal. In the following parts, f(z) will be
in red and the expansion will be in blue.

Part (a)

For f(z) = x, the coefficients are

1 /L
A0:2L/ xdr =0

—L
1 L
An—L/_meoanmdm—O
1 L . nmx 2(—1)"L
Bn:L/_LfL’sdeazz—(m:.
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J
L
. ° . o X
-3L L -L L L 3L
-L
Part (b)
For f(z) =e™", the coefficients are
1 [E sinhL
Ay = — “Pdx
=50 ) ,.° L
1/ ne .o 2(—1)"Lsinh L
L L n27r2 + L2
1 /L 2(—1)"nmsinh L
- e DT G =
1), n?n? 4+ L2
f
eL
-L
L ® QLL ° ®
2
1.0
e_L
3L -2l I L 2L 3L 7
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Part (c)
For f(z) = sin 7%, the coefficients are

1 (L
A0—2L/Lsin7fdx—0

1 L
An:L/_Lsin?coanxdmzo

0.5+

1.0+

Part (d)

For f(z) =0if 2 < 0 and f(x) =z if z > 0, the coefficients are

1 0 L L
A0:</ de—l—/ xdm)z
2L\ J_; 0 4
0 L
-1 —1)"L
</_LOCosnz$dx+/0 a:cosnzxdx):w

1

L

1/ [0 L —1)"L
Bn:L(/LOSinnLdea:—i-/o a:sinmlimdx> :—( m)r .
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2 |t~

~3L -2L -L L 2L 3L
Part (e)

For f(z)=1if —L/2 <z < L/2 and f(z)=0if - L <x < —L/2 and L/2 < z < L, the
coefficients are

1 —L/2 L/2 L 1
A= — / deJr/ d56+/ Ode | = =
2L\ )L —L/2 L/2 2
1 —-L/2 L/2 L 2
A, =~ / Ocosmdx+/ cosmda:+/ 0cos L gy | = = sin =~
L L L —L/2 L L/2 L nm 2

1 —L/2 L2 L
B, =~ / Osinmdx+/ Sinmdas+/ Osin % gz | = 0.
L\/J L L2 L L/2 L

0.8¢
0.6
0.4

0.2

-3L -2L -L L 2L 3L
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Part (f)

For f(x) =0if x <0 and f(x) =1 if x > 0, the coefficients are

1 0 L 1
Ay = — ——
0 5T </_L0dx+/0 dl‘) 5

1 0 L
An:f (/_LOcosnzxder/O cosnzxdac> =0
1 0 L 1—(=1)"
B, = 7 (/L()sinnzgcdx—i-/o sin?dm) = 7577)
J
1.0
0.8
0.6
[ ] [ ] [ ] [ ] [ ] [ ] L]
0.4
0.2
X
—3L 2L -L L 2L 3L

Part (g)

For f(x) =1if x <0 and f(x) =2 if x > 0, the coefficients are
1 0 L 3
=L </_L x+/0 x) 2
1 0 L
A, = </ Cosmdac—i-/ QCosmdx>
_I L 0 L
0 L 1—(=1)"
(/ sinmdx—l—/ 2sinmdx> (7)
L L 0 L nm

0

=

B, =
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J
2.0
1.8
1.6
° ° ° . . ° .
1.4
1.2
X
~3L -2L -L L 2L 3L
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