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Exercise 3

For each of the following equations, state the order and whether it is nonlinear, linear
inhomogeneous, or linear homogeneous; provide reasons.

(a) up —Uze +1=0
(b) ut — ugy +2u =0
(c
(d
(e
(
(8
(h

Ut — Uggt + UUg = 0

Upp — Uy + 2 =0

—

ug (14 u%)*l/2 + uy (1 + uZ)*l/2 =0

)

)

)

) U — Uy +u/T =0
)

) uz +eYuy, =0

)

Ut + Uggzr + V1+u:0

Solution

The order of an equation is the highest derivative that appears. To determine if an operator is
linear, one must check whether the conditions for linearity hold:

Lu+v)=Lu+ZLv and ZL(cu)=cZu

Assuming that .Z is a linear operator, the equation -Zu = 0 is a homogeneous linear equation,
and the equation Zu = g (g # 0) is an inhomogeneous linear equation.

Part (a)

Ut — Upe +1 =0

This PDE is of the second order because the second derivative is the highest derivative.

The equation can be written as

0 0?
Lu=-1, where . = % 92
Checking the first condition,
0 0?
0 0?

R
ot ot 02 0z2
0 872 0 ?

TR LR TR ok

(0N, (0>
“\ar a2) " T \or T 922)"
= Yu+Lv
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The first condition for linearity holds. Now the second one must be checked.

L(cu) = (gt - ;;) (cu)

2
= %(C’U,) - %(CU)
= cgu - ca—2u
ot 0x?
B 0 0?
e (m - W) u
=cZu

The second condition for linearity is satisfied as well, so the PDE is a linear inhomogeneous one.
Part (b)

Ut — Upe +2u =0

This PDE is of the second order because the second derivative is the highest derivative.

The equation can be written as

0 0?
ZLu =0, Wheref—a—@—i—x

Checking the first condition,

0 0?
.Z(u~l—v):<at 62+x>(u—|—v)

0 0?
—a(u—kv)—@(u—%v)—l—w(u—i—v)
I I
ot o 02t T e T

o 2 2
_au WU"‘JTU"’&U WU"‘(B’U
S P >+
“\ot a2 ) T\t T2 )"
=ZLu+ ZLv

The first condition for linearity holds. Now the second one must be checked.

o
ZL(cu) = <6t = 9.2 + a:) (cu)
0 0*

= E(CU) - ﬁ(cu) + z(cu)
= cgu — ca—zu + cxu
ot Ox2
0 0?
=c <8t e + :E) U
=cZLu
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The second condition for linearity is satisfied as well, so the PDE is a linear homogeneous one.

Part (c)
Ut — Uggt + Uy = 0

This PDE is of the third order because the third derivative is the highest derivative.

The equation can be written as
0 3 0

— h -2 __Y Y
ZLu =0, where & % 92201 +u8x

Checking the first condition,

3
L(u+v) = 0 0 ~|—(u+v)8} (u+v)

ot dx20t oz
0 3 0
= a(u%—v) — m(u—l—v)—i—(u—i—v)%(u—i-v)
0 0 03 3 0 0
=o't at T aeat awzart TV <ax“ + a:ﬂ)
0 ok ok 0
v+u—ut+u—v+uv—u-+ v%v

ot T o' T azatt  axzor’ T Var" T Y9 T Vo
P ? o 0 9

T or T e v WoF T

= Q—Ls—i-uﬁ U+ g—i+v£ U—i-ugv—l—vgu
-~ \ot  0z20t oz ot  0x?0t Oz oz oz

= Lu+ Lv+ uvy + vuy

+v—v+u—v+v—u

ox ox ox

The first condition for linearity does not hold, so the equation is nonlinear.

Part (d)
2 _
U — Ugg +2° =0

This PDE is of the second order because the second derivative is the highest derivative.

The equation can be written as
0? 0?

Lu = —22, where . = W 9.2
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Checking the first condition,

92 92
,%(u—l—v):(aﬂ—ax?)(u—i—v)

92 &2
IR
“ o' T a2 T 92" T 922"
B
R R TP R Wk

2 92 92 92

:@ﬁ‘wﬁu+gﬂ‘mﬂ”
= Lu+ Lv

The first condition for linearity holds. Now the second one must be checked.

0? 0?
Z(cu) = (8152 — 83:2) (cu)
0? ok
= @(Cu) - @(CU)
0? 0*
= c@u — c@u
0? 0?
:CQﬁ‘mQ“
=cZu

The second condition for linearity is satisfied as well, so the PDE is a linear inhomogeneous one.

Part (e)
iUy — Ugy +u/x =0

This PDE is of the second order because the second derivative is the highest derivative.

The equation can be written as

where . = zg

ZLu=0, 5
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Checking the first condition,

0 0% 1
f(u+v):<zat—aw2+x>(u+v)

0 d? 1
_z&(u—i-v)—@(u—i-v)—i-g(u—l—v)
Zatu ZatU 8x2u a 2'U xu v
et T T T aa T e
A B
st a2 T z)" "ot 922 z)"
=Zu+ZLv

ot 0x? «x

0 0?

za(cu) w(cu) + —(cu)
o 2

The second condition for linearity is satisfied as well, so the PDE is a linear homogeneous one.
Part (f)

ug (1 + ui)*l/2 + uy (1 + uf,)*l/2 =0
This PDE is of the first order because the first derivative is the highest derivative.

The equation can be written as

1 2 1 9.,

d 20z 9 Q@U_
Vi () L (20)

S S A U B

[ (o0 20z o 2oy |

ZLu=0

The operator for this PDE is

P S N S—]
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Checking the first condition,

1 9, 1 0
L(u+v)= — + — | (u+v)
\/1+[%(U+v)}28x \/1+[§y(u+v)]28y
1 0 1 0
—(u+v) + —(u+v)

\/1+ (Lut 20)? %"

The first condition cannot be satisfied because the square roots cannot be simplified (one for u
and one for v). Hence, the PDE is nonlinear.

Part (g)

uz +€Yuy, =0

This PDE is of the first order because the first derivative is the highest derivative.

The equation can be written as

ZLu =0, where .Z = ;x—&—ey;;

Checking the first condition,

L(u+v) = <8895+6y88y> (u+v)

0 0

—_ —_— y
ax(u-l-v)—l-e ay(u—FU)
0 0 d

= Zut —v+tel—ut el —u

Ox ox oy dy

0 0 0 3}
=—u+e'—u+—v+e!—v

Ox oy Oz oy

— 2 + eyg u+ g + eyg v
-\ oz y ox oy
The first condition for linearity holds. Now the second one must be checked.

L(cu) = (8‘1 —|—ey(§y> (cu)

cu) + ey2 (cu)

- %( oy
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The second condition for linearity is satisfied as well, so the PDE is a linear homogeneous one.
Part (h)

Ut + Uggze +V1I+u=0
This PDE is of the fourth order because the fourth derivative is the highest derivative.

The equation can be written as

0 ot Vi+tu

ZLu =0, Wherei”:&—i-@—k

Checking the first condition,

4 u v
L(u+v)= (gt—i-;—i-lzj_v—k)) (u+v)

0 ot Vi+u+o
B AR AL v

4 4
%u+§v+—§ u+—a v+vV1ituto

(u+v)

The first condition cannot be satisfied because the square root cannot be simplified (one for u and
one for v). Hence, the PDE is nonlinear.
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