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Exercise 24

Solve the Neumann problem in the half-space {z > 0}.

Solution

The Poisson equation will be solved in the upper half-space D with a Neumann boundary
condition.

AU = f(z,y,2), —oo<z,y<o0, z>0

oUu
g('wayv 0) - h(.l‘, y)

A Neumann function representation for the solution can be obtained from Green’s second identity,

/// (uAv — vAu) dV = // (uav - va“) ds.

Let w =U(z,y,2) and let v =N = N(z,y, z; 20, Yo, 20) be the Neumann function.

///UAN NAU)dV = // (U?Z—N?Z)ds

If we require N to satisfy

AN = §(z — 20)0(y — y0)d(z — 20), —o0o<zx,y<oo, z2>0

a—N =c¢ on bdy D,
on

where ¢ is a constant and (xg, Yo, z0) is a point in the upper half-space, then the identity becomes

///[U(m,y, 2)5(1' - .’,12'0)5(:1/ - 90)5(2’ - ZO) - N(xvy7 2520, Yo, ZO)f(m7y7 2)] av
D
= // [U(x,y, z)e — N(m,y,z;xo,yo,zo)gg ds.
bdy D

Write the normal derivative as OU/On = VU - i1 and split up the integrals.

/// U(z,y,2)0(x — 20)0(y — y0)d(z — 20) dV — // N(z,y, 2 20,90, 20)f (2, y, 2) AV
b D

=cC // U(CU,y,Z) dS — / N<x7yaz;x07y07Z0)VU'ﬁdS
bdy D bdy D

The integral involving the delta functions is U(xg, Yo, 20)-

U(xﬂay[)aZO)_// N(%?/,Z§$anoazo)f($,y72)dV
D

:c// U(x,y,z)dS—/ N(z,y, z; 20, Y0, 20) VU - 1dS (1)

bdy D bdy D
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Determine the constant ¢ by setting u = 1 and v = N(z,y, z; o, Yo, 20) in Green’s second identity.

//ANdV— // —dS

bdy D

// 5(z — 20)8(y — yo)d(z — 20) dV = // cdS
D bdy D

1= [[ as

bdy D

1 1
// ds / / dx dy

bdy D

Solve for c.

Then equation (1) becomes
U(Q?O, Yo, ZO) - ﬂ N(x7 Y, 2570, Yo, Z[))f(x, Y, Z) av
D

U(z,y,z)dS

= bdv D - N(xayvz;x()ayO?ZO)VU.ﬁdS'

ds bdy D
bdy D

The first term on the right side is the average value of U on the boundary of the upper half-space
(2 =0), a constant. Denote it as U.

U(xo,yo, 20) — // N(z,y, 220, Y0, 20) f (2, y,2) dV = U — / N(z,y,z;x0,y0,20)VU - 1dS

bdy D
z
-}!
i
fi=—3
As the figure illustrates, the outward unit vector normal to the upper half-space is i = —2.

U(xo,y0,20) — // N(z,y, 270, Y0, 20) f(x,y,2) AV = U — / N(z,y,2;x0,Y0,20)VU + (—2)dS
bdy D
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Evaluate the dot product.

— oU
U(330>y0720) - // N(%y, Z; 36073/0,Z0)f(95ay, Z) dav=U — // N(UC,ZAZ;J«"OJJO,ZO) <_8z> as
D

bdy D

Substitute the prescribed boundary condition and write the integration limits.

(e.) o o0
U(Q?Q,yQ,Z()) _/ / / N(afa972;37073/0720”(%%'2) dxdydz
0 —00 J —00
_ (o] o0
~0+ [T NGz o) b ) dedy
—oo0 J —o0
Solve for U.
_ o o0 o0
U(:I:anOaZO) = U+/ / / N(ﬂf,y,Z;LL‘(),yo,Zo)f(l',y,Z) da?dydz
0 —o0 J —00
o oo
[ Nz 20 ) dedy
—00 — o
Switch the roles of x, y, and z with those of xq, yo, and zg, respectively.
_ (e, o oo
Ux,y,2) =U +/ / / N (20, Y0, 205 %, Y, 2) (20, Yo, 20) dzo dyo dzo
0 —00 J —00
(o @] (o]
+/ / N (20, Y0, 205 %, Y, 2)| o= P(0, yo) dwo dyo  (2)
—o0 J —o0

The Neumann function will now be shown to be symmetric if ¢ = 0. Set u = N(z,y, z; z1, y1, 21)
and v = N(z,y, z; 2, Y2, 22) in Green’s second identity,

///[N(ﬂfvy,zxzl,yl,Zl)AN(w,y,Z;xz,yz,@) — N(2,y, z; 22,2, 22) AN (2,9, 2; 71, Y1, 21)| AV
D

ON ON
= // [N(Jfay,Z;iUl,Zh,Zl)%(f’fay,fz;iﬂ%yz,@)—N(way,25$2,y2722)%(xay,fz;iﬂbyhzl) dsS,

bdy D

where (z1,y1,21) and (22, y2, 22) are points in D, and N(z,y, z;x1,y1, 21) and N(x,y, z; 2, y2, 22)
satisfy

AN =§(x —21)0(y — y1)0(z — 21) in D AN = §(x — x2)0(y — y2)0(z — z2) in D
aiN(xvy7z;x17ylazl>:c on bdyD aiN(xvy7z;x27y2aZQ>:c on bdy D.
on on

Substitute these results into the identity.
///[N(JU,Z/,Z;fﬂl,y1721)5(50—5132)5(3/—%)5(2—22)—N(UC,y,Z;$2,y2,22)5(95—931)5(3/—.%)5(2—21)} av
D

= // [N(iﬁa% Z;%1,Y1, 21)0 - N(x, Y, 2;22,Y2, 22)0] ds

bdy D
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Split up the integrals on the left and bring ¢ in front of the integral on the right.
// N(z,y,z;21,y1, 21)0(x—22)d(y—y2)0(2—22) dV — // N(z,y, z;x2,y2, 22)0(x—21)d(y—y1)d(2—21) dV

=c // (z,y,z;21,y1,21) — N(2,y, 2; 22, Y2, 22)| dS
bdy D

If ¢ = 0, then the right side is zero. Evaluate the integrals on the left.

N(w2,y2, 22; 21,91, 21) — N(21, Y1, 215 02, Y2, 22) = 0

Therefore, N(xz2,y2, 22; 21,y1,21) = N(x1, Y1, 21; T2, Y2, 22), and equation (2) becomes

U(z,y,z) = l_]+/ / / N(z,y, 2; 0, Yo, 20) f (Z0, Yo, 20) dxo dyo dzo
0 oo J —o0
+/ / N<x7y7z;x07y07zo)‘z0:() h(x(),yO) dl'() dyO

The solution for Poisson’s equation is known, then, if the Neumann function in the upper
half-plane can be determined. Begin by finding the Neumann function in the whole plane (no
boundaries).

AN =0(x — x0)0(y — Y0)d(2 — 20), —o00 < z,y <00, 2>0

A can be interpreted as the electrostatic potential, and 0(z — x¢)d(y — y0)d(z — 20) can be
interpreted as the charge density for a unit charge located at (zg, yo, 20). Since there are no
boundaries, .4 is expected to vary solely as a function of the radial distance from (z9, yo, 20):
N = N (2), where 2 = \/(x — 20)% + (y — y0)2 + (2 — 20)2. Integrate both sides over a solid ball
centered at (xo, yo, z0) with radius 2.

/// AN dV = /// 6(x — 20)0(y — y0)d(z — 20) dV

(x—20)% + (y—y0)? (x—20)% + (y—y0)?
+ (2— zo)2<z2 +(2—20)2 <22

Since the ball contains (zq, yo, 20), the right side is 1. Write the Laplacian operator A as V?

/// VPN dV =1

(z—20)? + (y—y0)?
+(2—20)2 <22

/// V.V dV =1

(z—x0)? + (y—y0)?
+ (2—20)2 <22

// VA -2dS =1

(z—20)? + (y—v0)?
+ (2— z0)2 =22

and apply the divergence theorem.
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Here # is the unit vector normal to this ball at every point on the boundary.

dN
—dS =1
// de s

(z—20)? + (y—v0)?
+(2—20)2 =22

Because .4 only depends on ¢, its derivative is constant on the ball’s boundary.

dv
v // s =1

(z=20)* + (y—y0)*
+ (2—20)% =22

This surface integral is just the ball’s surface area.

dv
——(4n2*) =1
5, 4re7)
Divide both sides by 4722.
av 1
de — 4me?
Integrate both sides with respect to 2.
1
N(e) =——
(2) dme

The infinite-space Neumann function is then

JV(%Z/» 2520, Y0, ZO) =

dr/(w—20)2 + (Y — yo)® + (2 — 20)%

Now that it’s known, the Neumann function for the upper half-space can be determined by the
method of images. A convocation of point charges in the whole plane will be arranged so that the
boundary condition,

ON

1 1
—_— = C = = 9 %)
on ds / / dx dy

bdy D

ON
=0onbdy D = E(x,y,o)z )

is satisfied. This derivative of potential can be interpreted as the z-component of the electric
field. For a positive unit charge at (zg, yo, 20), place another positive unit charge at (o, yo, —20)
so that every point on the xy-plane is equally spaced from both.
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The upper half-space Neumann function can now be written.
N(.’L‘, Y,2;%0, Y0, ZO) = +’/V($7 Y,2;%0, Y0, ZO) + JV(I', Y,25%0, Y0, _ZO)7 z2>0

Because 4 is defined over infinite space, it’s important to note the restriction to z > 0 for .

1 1

N(.%', Y, 2520, Yo, ZO) = -

1 1 1

+

Am\/(x — 20)? + (y — y0)? + (2 — 20)? - Am/(z — 20)? + (y — y0)? + (2 + 20)?

Now set zp = 0 in this result.

dn [\/(95 —20)? + (y —y0)? + (2 —20)%  V(z —20)2+ (y — %0)? + (2 + 20)?

1 1 1
N(x,vy, z; o, Yo, g =—— +
(z,y 05 Y0 0)‘zo—0 47 [\/(mxo)2+(yyo)2+z2 \/($7$0)2+(y7y0)2+zz
1 1

2\ — o)+ (y— w0 + 2

Therefore, the solution to Poisson’s equation in the upper half-space with a Neumann boundary condition is

1 1
U(x,y, U_/ / / f -QTO,yO,ZO) [\/(x$0)2+(yy0)2+(zzo)2 * IE*CL'O) +(y yO) +(Z+ZO)2

/ / h(zo,y0)
L oo /(& —20)% + (y — yo)? + 22

d.l‘() dyo dZ()

dl‘o dyo .
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If f =0, then the solution reduces to

(JUOaiUO)
Ux,y,z) = / / dxg dyp.
s 2 Y TR TN i

This answer is in disagreement with the one at the back of the book.

The boundary condition will now be verified. Differentiate U with respect to z.

o _ 9 / / (fco,yo) dzo dyo
SN
S 02 [ Vom0 (o) + 2

/ / {_ x—xo) +(§ Ik +z2}3/z}h(x0’yo)df’fodyo

h dxgd
/ / -’E*SEO (y yO) +22]3/2 (SUano) 0o AYo

Make the change of variables,

h(zo, yo) dxo dyo

To — T = roz cos by

Yo — Y = Tz sin by.

The resulting Jacobian is

a( ) Oxg Ozg 0 .
Zo, Yo or 00 2 COS —7roZzsin .
0, %0)_ | 0ro ' = o0 0 0l = roz? cos® Oy + roz? sin? 0y = rozz,
(1o, 6p) % % zsinfy  rozcosfy
o o

which means 0U/0z becomes

2
z
h 0 in6p)roz? dro do
8z 277/ / (=102 cos )2 + (— rozsin00)2+22]3/2 (x4 rozcosby,y + rozsinby)roz” dro dby
2 23
h ) in 6 dro d
27T / [r 22(6052 0o + sin? 0y) + 22]3/2 (x + roz cos By, y + rozsin by)ro dro dby
271'
/ 3/2 h(z + roz cos by, y + roz sin Oy)ro dro dby
271' o
27‘( / Wh](ﬂ? + 7rp2 Cos 007 y + 7192 sin 90) dT‘Q d90

Take the limit as z — 0 now.

1 21 [e¢)
tim %Y~ / / 0 h(a,y) dro dby
2 0 0

20 0z (r3 +1)3/2
_ h(my) [P o
== /0 . (Tg T 1)32 dro dfy
= h(z,y)
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